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Broad Impact of Classical MLE

n
Classical MLE: 6, = argmaleogpg(Xi)
o =

e Generality

e Write down the probability model
e Maximize the likelihood w.r.t parameter

e Optimality [Fisher, Cramér, Rao, Stein, Hajek, Le Cam, Bickel...]
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Online Learning

e \We need FAST algorithms to give real-time update and predictions.

e Online advertising, Online recommendation system, Google maps...
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Privacy Concerns

e Many data of interest contains sensitive/personal information
o health records, genetic data, internet browsing history, etc.

( 5 — \

e o o
CBack
[ X
~
Data & Privacy

“This icon appears when an Apple feature
‘asks to use your personal information.

You won't see this with every feature since
Apple collects this information only when
needed to enable features, secure our
services or personalise your experience.

Apple believes privacy is a fundamental
"human ight, so avery Apple product is
designed to minimise the collection and
use of your data, use on-device
processing whenaver possible, and
provide transparency and control over
your information.
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Data Privacy in Practice

e Next word prediction (auto-completion)

e Ranking emojis
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Private Algorithm
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This Talk

Towards a general recipe to generate optimal procedures
for modern applications.

MLE Classical “Optimality” Theory
(Lower Bound)

Modern “MLE” Modern “Optimality” Theory
(Lower Bound)

8/46



A First Question

What criterion should we use to define “optimality”?
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Minimax Criterion

A principled way to define “optimality”"—minimax criterion [Von Neumann 28,

Wald 39]

He}ingleagEe |:L(9n(X17~-~7Xn)70)

e O: parameter space
e [:loss function

Criticism:
e Conservative when © is large.
e Statistician: | do not care worst case. | only care my problem at hand.
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“Minimax optimal” for all of machine learning

e Coal: Predict binary label Y from X.
e Worst case: X independent of Y.

e Random guess is minimax optimal!
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What optimality criterion characterizes MLE?

e Classical MLE is not just simply optimal for the worst-case problem.

e |tis optimal for problems of all difficulties.
J
Risk

Minimax

Minimax

Local Minimax
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Definition: Local Minimax Risk

M, := inf sup Ey [L(én,ﬁ)} .
0, 0€©

MO¢(y) := sup inf max E [Lé ,9]
v (Bo) = sup inf | e [Eo |L(6n-0)

~inf sup Ep [L(én,e)}.
On [0—60l<-%
01

o
C/yn

e Alocalized quantity characterizing the difficulty of estimation for 6 = 6.

[Stein 56, Donoho & Liu 87, 91, Cai & Low 15'] 13/46



Local Minimax Criterion-the Right Criterion

e Classical local minimax theory: [Stein 56, Donoho & Liu 87, 91, Cai & Low 157]

1

Moc(9y) < EL (90 + 7

W, 00) where W ~ N(0, 1, 1).

e Optimality of MLE:
N (é;;ﬂe - 90) 4N, T, ).
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An Overview of the General Strategy

e Classical local minimax theory = optimality of classical MLE.

e Outline:
@ Private local minimax theory = Private “MLE"
@ Online local minimax theory = Online “MLE"

MLE Classical local minimax Theory

Modern “MLE”" Modern local minimax Theory
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Outline

® Privacy
e Online learning

e Future direction
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Privacy
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An overview of the strategy

MLE

Classical Local Minimax Theory

Private “MLE"

“+" Privacy

Private Local Minimax Theory
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Private Data Analysis

Raw Data

Add “Noise”

X,,..., X,

q(Z | X)

Privatized
Data

e Validge Q: 74,..

Zise i Zn

Estimator

., Zn, preserve privacy of Xq, ...

, X

0.(Z1,..., Z0)
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Local Minimax Framework for Privacy

MO (fy) := sup inf max Ey

Xi,...,X,

0,€0 0, 0€{00,01}

q(Z | X)

L(én,e)} :

e Validgqe Q: 74,..

., Zn, preserve privacy of Xy, ...

Zh, ...

, X
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Local Minimax Framework for Privacy

MO (fy) := sup inf max Ey

gﬁloc

n,priv

Xi,...,X,

0,€0 0, 0€{00,01}

|

L(én,e)} :

(0p) := sup inf inf max Ey [L(én,e)} .

0,€049€Q §,, 0€{00,01}

q(Z | X)

e Validgqe Q: 74,..

Zh, ...

., Zn, preserve privacy of Xq,..., Xp,.
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Definition of Privacy

e c-Differential Privacy [Dwork, McSherry, Nissim,

q(Z | X) Hq(zl | @5, 21.3-1) Smith, 06]: for xi, 27, z1.i—1),
=1
q(zi | Zi721;(i—1))
L LI .
X 4 q(zi | Igvzl:(i—l)) < exp(o
X, Z. T .
’ IZ e One can't distinguish x; and z; by looking at z;,
! conditioning on zy,(;_1).
\"2
v
Xn Zn
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Definition of Privacy

e c-Differential Privacy [Dwork, McSherry, Nissim,

q(Z | X) H a(zi | @i, 21.-1)) Smith, 06]: for xi, 27, z1.i—1),
=1
q(zi | Iz’721;(i—1))
R e e A .
X 4 q(zi | mgvzl:(i—l)) < exp(o
X Z. T .
’ IZ e One can't distinguish x; and z; by looking at z;,
! conditioning on zy,(;_1).
\'2
! e Average e-Privacy [Mironov 17, Duchi & R. 18]: for
v zivzﬁ;:zl:(i—l)'
Xn Zn q(z;i | iy 21:5-1))

Ell(zi‘zivzlz(ifl)) [ } < exp(e).

q(zi | 9027 21:(i—1)
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Private Information Iy, priv 7# g,

Consider a 1-dim P = { Py }¢cr, and the log likelihood ¢y = log py.

Theorem (Classical local minimax theory: Donoho & Liu 87, 91)

M,0°(60) < E[L (6o + n~'/>W,00)] for W ~ N(0, I;"),

where Iy, = E||(y,|?] is the classical Fisher information.
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Private Information Iy, priv 7# g,

Consider a 1-dim P = { Py }gcr, and the log likelihood ¢y = log ps.

Theorem (Classical local minimax theory: Donoho & Liu 87, 91)

M(0y) < E[L(6p +n~Y/2W,8)] for W ~ N(0, I, "),

where Iy, = E[|(y,|?] is the classical Fisher information.

Theorem (Private local minimax theory: Duchi & R. 18)

M5ty (B0) < E[L (80 + (ne®)/2W, 60)] for W ~N(0, I} 5.)-

n,priv

where Iy, priv = (E[|l,|])? is defined to be the private information.

Remark:
e Our private “MLE" achieves the private information lower bound (Later).
e Superefficiency result [Duchi & R. 18] (not discussed in this talk).

22/46



The cost of privacy: Bernoulli estimation

Consider X; * Ber(d). (P(X =1) =1—P(X = 0) = ).

Risk

Non-private:

Classical Fisher Information:

Private
Ip=(0(1—-0)"".
Classical MLE X,
Nonprivate
‘ Vi (X, —6) 5 N(0,6(1 - 0)).
g
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The cost of privacy: Bernoulli estimation

Consider X; * Ber(d). (P(X =1) =1—P(X = 0) = ).

Private:
A
Risk Private Information:
Ib,pﬁv =1
Private
Randomized Response [Warner 65']:
X, w.p, Fe/2
T Nonprivate Z; = e ‘ P
. omp 1-X; wp =2
Private “MLE” estimator Z,,:
. " Vne? (Z, —0) iN(O,l).
0
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The cost of privacy: binary logistic regression

Let (X;,Y;) i.i.d satisfy the logistic model:

1

Prediction error loss:

L(6,60) = E(x y)~py, [Po(Y | X) =P, (Y | X)]]

Risk
Non-private:
Private Local risk of classical MLE:
1
Djﬁoc 0n) =< — —|6 2
15 (60) = 7 exp(—16ol 2
Nonprivate
0 0]
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The cost of privacy: binary logistic regression

Let (X;,Y;) i.i.d satisfy the logistic model:

1

Prediction error loss:

L(6,60) = E(x y)~py, [Po(Y | X) =P, (Y | X)]]

Risk
Private:
Private
Local risk of Private “MLE":
1
loc -
mn,priv(eo) - )
ne
Nonprivate
0 |6]
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Challenge: how to construct private “"MLE"™?

Question: For one-dimensional family { P }¢cr. how do we construct 6,, priv

Ve (B priv — 00) 5 N0, 1,7~ ) where Ip, priv = (E|fg, |)2.

6o ,priv

Theorem (Private local minimax theory: Duchi & R. 18)

Mo . (6o) < E[L(Bp + (ne®)"Y2W,80)] for W ~ N(0, I~ . ).

n,priv 6o,priv

where Iy, piiv = (E[|0g,|])? is the private information.
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Challenge: how to construct private “"MLE"™?

Bernoulli: X; % Ber(0).

Private MLE:

e Randomized Response [Warner 657

1+4€/2
Z.—¢ 1. X w-p +2/
' 1-X; wp. 1_25/2

e Estimation procedure:

Vne? (Z, - 0) 5 N(0,1).
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Challenge: how to construct private “"MLE"™?

0o ,priv

Ceneral: X; id Py. Vne? <én - 00) a4 N, I, )

Idea: reduction to Bernoulli case:

g RR A
X g(X) 4 0n.priv

€{0,1}
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Challenge: how to construct private “"MLE"™?

0o ,priv

Ceneral: X; id Py. Vne? <én - 00) a4 N, I, )

Idea: reduction to Bernoulli case:

g RR A
X g(X) 4 0n.priv

€{0,1}

Estimating Equation:

en,priv == inVertg {Eg [g(X)} = Zn} .
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Challenge: how to construct private “"MLE"™?

Ceneral: X; id Py. Vne? <én - 00) a4 N, I, )

0o ,priv

Idea: reduction to Bernoulli case: Delta method:
g RR . . d -2 B
X SI(X) A O, priv . — - .
s Vi) = 0l (0]) Var(Z,

Estimating Equation:

en,priv == inVertg {Eg [g(X)} = Zn} .
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Challenge: how to construct private “"MLE"™?

Ceneral: X; id Py. Vne? (én - 00) a4 N, I, )

0o ,priv

Idea: reduction to Bernoulli case: Delta method:

x —2 e‘q{((ﬂ} LNy Ouaiv V(0. priv) = (;QEG [g(X)])_2.Var( Z1)
Estimating Equation: Requirement on g(-) € {0,1}:

O priv = inverty {Eglg(X)] = Z,,} . iEg [9(X)] oo, = I;fpriv,

dé
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Challenge: how to construct private “MLE"?

Ceneral: X; id Py. Vne? (én - 90> a4 N, I, )

6o ,priv

Idea: reduction to Bernoulli case: Delta method:
9 RR _ i « d —2 _
X S b V() = (g Ela(X0) Var(Z)
Estimating Equation: Requirement on g(-) € {0,1}:
én,priv = inverty {]Eg [¢9(X)] = Zn} . d 1/2

@]Eg [g(X)] |9:90: I00,priv'

d .
a6 [léeo<x>zo] lo=60= Eoo |65 | = Lo priv-

772

26/46



Algorithm: private MLE

Divide the data into two groups.

X1,y Xn e Privatize the first group of data, get an initializer:

A D,
an,init g 00 .

foy(X:)
e Transform the second group of data X,..., X,
By.... B into binaries By, ..., Bx:
Bi=1 {gén,init (Xl) 2 0}
Randomized
Response
e Privatize By, ..., B, with randomized response:
Zn
' 1 W; w.p. #
Zi=ce : 1 1—€/2
-Wi  wp. —=

Find 0: Py(fg,(X) > 0) = Z,

e Construct the final estimator 0p, priv:

ém)n\'(Zl“-uZn) ~ .
I O, priv = invertg {]P)Q @

01 init

(X)ZO):ZTL}.
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Extension

e Functionals for high dimensional parametric models { Py }gcre.

e Model misspecification: true distribution P & {Py}oco.

e Ex: find the best linear predictor 6 without assuming a linear model on P.
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Extension

e Functionals for high dimensional parametric models { Py }gcre.

e Model misspecification: true distribution P & {Py}oco.

e Ex: find the best linear predictor 6 without assuming a linear model on P.

e Private local minimax theory = private information = private MLE!
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Simulation: Flow Cytometry Experiment

e Coal: predicting network structure linking the proteins using a real flow
cytometry dataset [Hastie, Tibshirani & Friedman 09]

e Logistic regression:
P(Y=1|X)
P(Y =0]|X)

where Y is the link prediction and X is the gene expression.

log =0TXx.
e Treat the raw data as population.
e Run vanilla logistic regression on the population (raw data) and get 6*.
e Simulate new data from the population.
* *

e Target: estimate 0% = (07,05,...,0;).

e Compare non-private MLE, private local and private global minimax [Duchi,
Jordan & Wainwright 16] estimators for estimating 6* = (07,65, ...,05).
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Flow Cytometry Experiment

[ Non-private MLE
[ Priv. Minimax
I Friv. Local Minimax

4000 A

3000 A

2000 1

1000 A

-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06

Figure: Histograms of errors across T' = 1000 simulation experiments in estimation of the
coordinates 67,05, ..., 6, (privacy: e = 1)
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Flow Cytometry Experiment

lon=o"T. | Non-private | Private-Local | Private-Global
[T P

n/p=5 42.2% 95% >100%
n/p =20 28.1% 64.8% 82.3%
n/p = 40 19% 42.5% 69.5%
n/p = 80 14.3% 30.2% 60%

n/p = 320 6.8% 13.8% 38.6%
n/p =1280 3.4% 6.5% 20.2%

Table: Relative error of §,, across T' = 1000 simulation experiments (privacy: e = 1).
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Insights & Follow-ups

e Private local minimax procedure does lead to improvement.
e Privacy learning is challenging in high dimension or € is low.

e Impacted Apple’s privacy [Bhowmick et al 18].
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Online Learning
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Offline vs. Online Algorithm

minimizeg R(6) := Ep[¢(6; X)]

Offline algorithm:

X1 Xo X3

Memory l X le«,XQ i X1, X9, X3

- =

TURITR,

01(X1)  62(X1, Xs) O5(X1, X2, X3)

0(X1, X2, .0, X,1)

Example: empirical risk minimization (ERM)

R 1 <
0, = argmin — 0(0; X;
g n;( )

\
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Offline vs. Online Algorithm

minimizey R(0) := Ep[¢(6; X)]

Online algorithm:

X1 Xo X3 Ve X,

Memory i S l So i S3 l

vy ’

01(X1)  02(S1,X2)  05(S2, X3) o0 0, (Sn-1, Xn)
Example: stochastic gradient descent (S, = {6;})

ét+1 = ét - Oétvez(ét; Xt)

Y
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Problem

Find optimal online algorithm to solve convex and smooth problem:

minimize R(0) := Ep[¢(6; X)]
subjectto 0 € © = {¢;(0) <0:9=1,2,...,m}.

Ex: Nonnegative least squares, Ridge, Lasso, (Regularized) Portfolio optimization...
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Solution

ERM
(MLE)

Local Minimax Theory for ERM

Online ERM

(Local Minimax Theory for MLE)

“+" Online Requirement

Online Local Minimax Theory
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Local Minimax Theory for Online Optimization

o toss: L (v (6 - 1)),

® I, (Po): online local asymptotic minimax risk [Duchi & R. 18]

° };COH(PO) offline local asymptotic minimax risk [Hajek & Le Cam 70’72,

Levit 76’ Bickel, Klassen, Ritov Wellner 93’ Duchi & R. 18']

Theorem (Duchi & R. 18)

Assume regularity conditions on L. Then

S o (Po) = M q(Po) = ELL(W)] for W ~ N (0,1, )

Takehome Message:

Ip, = Ipyon = Ipy ot = HETH.
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The upper bound

How do we construct the optimal online “ERM™?

ﬁ%%m—%yAMQ@J
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Unconstrained Problem

Population objective (no constraints):

minimizeg R(6) = Ep,[¢(6; X)]

Theorem (Polyak & Judisky 92 + Duchi & R. 18)

SGD averaging is optimal for unconstrained optimization:

NG (9,17011 - 9*) 4N, I, )-

Stochastic gradient descent (SCD):

0t+1 == Ht - atVE(Qt; Xt)

Keep track of the running average:

9717011 = én
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Challenge

What about constrained optimization problems?

minimizey R(0) = Ep,[¢(6; X))
subjectto ¢;(0) <0, i=1,...,m.
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A Surprise: Projected-SGD fails
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A Surprise: Projected-SGD fails

Projected stochastic gradient descent (PSGD):

9t+1 = H@(Qt - atVE(Ht; Xt))

Failure: [Duchi & R. 18]

—E[V(600; X)) Ip, = HX'H

where
0 <,
5 S~V Xy)

Y =1I7,Covp, (VE(0y; X))II7,
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A Surprise: Projected-SGD fails

Projected stochastic gradient descent (PSGD):

0t+1 = H@(at — OétVf(at; Xt))

Insight: need identify Cy
Ip, = HY'H
where

Y= HTOCOVPO (Vf(eo, X))HTO
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A Fix: Dual Averaging?

Dual Averaging (DA) [Nesterov 07']:

t

Z ak, Xk and 9t = H(~) (OltZt)

Insight: averaging stabilizes noise
zt &= —E[V{(0p; X)] 4 noise;.
—E[V£(600; X))
Theorem (Duchi & R. 18)
92 \ Ve X)) DA identifies the active constraints, i.e.,
© 6, €C I
\ i € Co eventually.
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A Fix: Dual Averaging?

Dual Averaging (DA) [Nesterov 07']:

t

Z ak, Xk and 9t = H(~) (OltZt)

Insight: averaging stabilizes noise
zt &= —E[VI(0p; X)] + noise;.
—E[V£(00; X))
,. Theorem (Duchi & R. 18)
R i DA identifies the active manifold, i.e.,
© \ 0; € Cy eventually.
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A Fix: Dual Averaging?

Dual Averaging (DA) [Nesterov 07']:

t

1
z=—— VIO Xy) and 0 = Tle (o z)
t
k=1
Co . . - .
Insight: averaging stabilizes noise
zt &= —E[VI(0p; X)] + noise;.
“E[V(0p; X)]

Theorem (Duchi & R. 18)

S S x) DA identifies the active manifold, i.e.,

0; € Cy eventually.
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A Fix: Dual Averaging?

Dual Averaging (DA) [Nesterov 07']:

t

1
z=—— VIO Xy) and 0 = Tle (o z)
t
k=1
Co . . - .
Insight: averaging stabilizes noise
zt &= —E[VI(0p; X)] + noise;.
—E[V(0): X)]

Theorem (Duchi & R. 18)

S0 %) DA identifies the active manifold, i.e.,

0; € Cy eventually.
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A Fix: Dual Averaging?

Co

T

@Xﬂ

—V(00; Xt)

Observation [Duchi & R. 18]:
DA does not adapt to curvature.

Failure:
Ip, = HXTH.
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New Algorithm: Riemannian dual averaging

High Level Idea: Alternate between (variants of) DA and Riemannian SGD.

(see [Duchi & R.18'] for details of the algorithm)

Theorem (Duchi & R. 18)

Vn (én,RDA — 9*) LS N(O,I;LO).

Oy
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Summary

Online information:

Ip, = HYTH.

Algorithm Adapt to ¥ (identify constraints) | Adapt to H
Projected-SGD X X
Dual Averaging v X

RDA v v

Theorem (Duchi & R. 18)

v (9n,RDA - 9*) 4 N, I},).
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Conclusion
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Takehome Message

e Towards a general recipe to optimal procedures for modern applications

MLE

Classical local minimax Theory

Modern “MLE"

Modern local minimax Theory
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