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APPENDIX A: A ROADMAP TO THE APPENDIX
The organization of the Appendix is as follows.

1. Section B lists the common notation and assumptions in the Appendix.
2. Section C—Section F prepares the basic materials.

e Section C starts from the very basics—the definition of the signal
and noise variables.

e Section D studies how to choose f in the metric learning objective
so it can perform non-parametric variable selection. It turns out
that the sufficient and necessary condition is that f’ is strictly
completely monotone.

e Section E shows that the masking phenomenon always exists for
the metric learning objective no matter how carefully you choose
the function f and no matter how well you optimize the (non-
convex) population metric learning objective. The justification is
through a detailed characterization of the population landscape
for two concrete statistical models. The masking phenomenon im-
plies that naive maximization of metric learning objective leads
to inconsistent estimate of the signal variables.

e Section F shows how the ultimate metric learning algorithm lever-
ages the iterative reweighing technique to resolve the inconsis-
tency of the naive maximization of the metric learning objective;
the final output of the ultimate metric learning algorithm includes
the signals and excludes the noise variables.

3. Section G-Section J constitutes the main mathematical tools for the
theoretical study of the metric learning algorithms.

e Section G shows that, on population, the gradient of the objec-
tive with respect to noise variable is always non-positive, and its
magnitude is lower bounded by the value of the objective function
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2 LIU AND RUAN

itself. The implication is that, even without explicit ¢; regulariza-
tion, the metric learning objective (assuming having at least one
signal variable) can self-penalize the noise variables.

e Section H studies the general population metric learning objective
where the kernel in the objective can be of /1 and ¢5 type.

e Section I studies a special class of population objective where the
kernel is of ¢; type. Compared with those in Section H, the result
and proof in Section I rely on a special property of the ¢1 type ker-
nel, that is, its Fourier transform is heavy-tailed (Cauchy density
function). It is important to notice that the same property does
not hold for the /s type kernel, whose Fourier transform is light-
tailed (Gaussian density). The result in Section I has substantial
consequence on the recovery guarantees of the signal variables in
high dimension (Section N).

e Section J studies the uniform convergence of the empirical ob-
jective and its gradient to the population ones. An important
consequence of these results is that all properties derived on pop-
ulation (Section F—Section I) continue to hold on the empirical
counterparts after taking into account the sampling errors.

4. Section K—Section N presents the proof of the main results of the pa-
per. All these results only assume the optimization procedure reach a
stationary point of the (non-convex) metric learning objective.

e Section K-L shows that in low dimension, even without explicit
regularization, the metric learning algorithm, using either £; or £o
kernel, recovers the signal and removes the the noise variables.

e Section M shows that in high dimension, with explicit /1 regular-
ization, the metric learning algorithm throw away noise variables.

e Section N shows that in high dimension, the metric learning al-
gorithm that uses ¢; type kernel manages to recover the signal
variables under three different nonparametric models (with dif-
ferent sample complexities), namely, the main effect, pure inter-
action and hierarchical interaction model. The proof uses heavily
the special property of the ¢; type kernel studied in Section I.

5. Section O contains the supporting lemma.

APPENDIX B: COMMON NOTATION AND ASSUMPTIONS

B.1. Notation. In addition to the notation in the main text, the fol-
lowing notation is used throughout the appendix.
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We frequently use the shorthand d; = |X; — X/|? and d = (dy,d2,...d,).
We use £ to denote the objective function with explicit £; penalization:

((3;Q) = F(5;,Q) — AlIBlly

and use B = {f € RY : ||B]|; < b} to denote the ¢;-constraint set.

Let wa(z,y) =1—-P(Y =y | X4 = x4) be the weight function associated
with any subset A C [p]. We introduce the notation Q4 to denote the unique
probability distribution such that dQ*(x,y) o< dP(z,y) - wa(z,y), i.e.,

dQ4 _ wa(r,y)
ﬁ(x,y) ~ Jwa(z,y)dP’

B.2. A List of Common Assumptions. This section lists the com-
mon assumptions that are used throughout the appendix. These are indeed
the assumptions (A1)-(A3) and (B1)-(B2) in the main text.

(A1) The function f € C*°(Ry) satisfies f’ is strictly completely monotone.
Moreover ¢ =1 or ¢ = 2.

(A2) For some constant M > 0, || X||,, < M almost surely under P.

(A3) Imperfect classification: for some constant g > 0,

E[P(Y =1|Xs)|Y =0] >0, E[P(Y =0/Xs)|Y =1] > 0.

(B1) For some constant ¢ > 0, E[|X; — X7[] > ¢ for j ¢ S. Here the expec-
tation is taken under P.

(B2) In the case where ¢ = 2, f’ has an analytical extension on the complex
plane C such that |f’(2)] < A(1+]z|)NeBIReG)l for some A, B, N < oc.

We refer the readers to Section 4 of the main text for the explanations of the
assumptions.

APPENDIX C: BASICS ON MODELS

This section discusses the very basics of the modeling. Proposition 1 shows
that the definition of signal and noise variables (see Section 1.3 in the main
text) are well-posed.

PROPOSITION 1.  There exists a unique subset S C [p| with the following
three properties: (1) Y | X ~Y | Xg, (i) Xg L Xge and (iii) there is no
strict subset A C S which satisfies (i) and ().

PROOF. First we prove existence. Start with S = {1,...,p} and note that
it trivially satisfies (i) and (ii). If no strict subset of {1,...,p} satisfies (i)
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and (ii), then S satisfies (iii) also and we are done. Otherwise if a strict
subset A C S satisfies (i) and (ii), set S equal to A. Repeat this process until
we arrive at a set S for which there is no strict subset that satisfies (i) and
(ii). This process terminates in at most p steps and the S returned by the
process satisfies (i), (ii), (iii).

Next, we prove uniqueness. Suppose there exist subsets A, B satisfying (i),
(ii) and (iii). By (i), we have Y| X4 = Y|Xp and therefore for all ¢ € R,

(1) E[e™|Xa] = E[¢™|Xp].
Taking the conditional expectation w.r.t X4 on both sides yields
Ele'™|Xa] = EE[™ | Xp]|Xa] = EE[™ | Xp]|Xans] = E[e"" | Xanp]

where the second equality comes from the fact that X 4\ p L Xp since B sat-
isfies (ii) and the third equality comes from the tower property of conditional
expectation. Thus, we have shown for all ¢t € R,

E[eitY|XA] = E[eitY|XAmB].
This means Y| X anp = Y| X4 = Y|X. Moreover, we have
P(X) = P(Xp)P(Xpe) = P(Xan)P(Xp\a)P(Xpe)

where the first equality is from Xp 1 Xpc and the second equality is from
X4 L Xye. Thus Xgqnp L X(AOB)C. Hence, we have shown AN B is a subset
that satisfies (i) and (ii). Since A, B satisfy (iii), it implies A = AN B = B.
This proves the uniqueness. O

APPENDIX D: PROPERTIES OF F NEEDED TO DETECT
INTERACTIONS

This section presents the proof of Theorem 1 in the main text, showing
that a necessary and sufficient condition for f to detect all possible interac-
tions is that f’ needs to be strictly completely monotone.

D.1. Proof of Theorem 1. The proof is divided into two parts.
Proof of Part 1 of Theorem 1. Consider the XOR signal of order s:

1 1
Y =sign (X1 X2+ X;) where X iid Q <Xj = :|:2> =5

As f satisfies the Axiom 1 and 2, it means that for the above XOR signal,
we have for all 5 € R% of full support (i.e., supp(3) = [s]) and ¢ € R,

Epw [f(c+ X - x'|2 )] >o0.
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Now, a simple evaluation of the expectation gives that for all 5 of full support
q
Bow [fle+ X = X[,
(2) 1 par(u)—1 -
ue{0,1}s J=1

where par(u) is defined as the parity of number of 1s in u, i.e.,

1 if #{i:u; =1} is odd
par(u) = N . :
0 if #{i:u; =1} is even

The mid-term of equation (2) is the s-th order finite difference of the function
f, a quantity that measures the moduli of local smoothness of the function
f [4]. Lemma D.1 connects the s-th order finite difference to the s-th or-
der derivative when f is smooth. The proof of Lemma D.1 is deferred to
Section D.2.

LEMMA D.1. Let f: R — R be a smooth function that has continuous

differentiable derivatives up to order s. Let {aj1}jels) and {ajo}jes be two
sequences where a;; € R for j € [s] and i € {0,1}. Consider

F(x;s) := Z (—l)pm(“)_1 . f(x + Zajmj).
ue{0,1}s Jj=1

Then we have the integral representation for F(z;s):

S 1 1 1 S
Tl o) — (—7)5—1 . (s) (4 ,
Fz;s) = (—1) ]1:[1(%’1 a],o)/o /0 /0 f <x+;aj(t]))dt1dt2...dtj

where the function a; : [0,1] — R is defined by
aj(t) =ta;1 + (1-— t)aj,o.

Now we apply Lemma D.1 to the sequence a1 = fBj, ajo = 0. From
equation (2), we get for all 5 of full support (i.e. 8; > 0 for j € [s])

Es-w | f(e+[X - X'|2 )]

:(—1)5_1-(H,Bj)-/01/01.../01f(s)(c+;Bjtj)dtldtg...dts>0.

JE€ls]
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Starting from below we set 3; = € for some € > 0. As a result, we obtain

(3) )s= 1// / c—i—ez )dtldtg Ldts > 0.

We wish to mention that inequality (3) holds for all ¢ > 0 and s € N.
Now we prove that for all s € N, the following holds:

(4) (=)D ) (¢) > 0 for all ¢ > 0.

Indeed, suppose f*)(¢) # 0 for some ¢ > 0. By continuity of z — f(*)(x)
(since f € C*°(Ry) by assumption), we can choose ¢ > 0 sufficiently small
such that f(*)(c + €51 t;j) has the same sign as &) (e) for all t; € [0,1].
Fix this € > 0. Now we can see from equation (3) that this immediately
implies that (—1)~Y £()(¢) > 0. This proves the desired equation (4).

Next, we show the inequality in equation (4) must be strict. Suppose on
the contrary f(*)(c) = 0 for some ¢ > 0 and s € N. We divide our discussion
into two cases.

1. In the first case, we assume s is odd. Now equation (4) implies f(¥)
is nonnegative and non-increasing on R;. Hence f (5)(6) = 0 implies
f®)(z) = 0 for all 2 > ¢. This contradicts equation (3).

2. In the second case, we assume s is even. Now equation (4) implies f(*)
is nonpositive and non-decreasing on R. Hence f (5)(0) = 0 implies
f®)(x) = 0 for & > ¢. This contradicts equation (3).

As a summary, we have shown the inequality in equation (4) must be strict.
This proves that f’ has to be strictly completely monotone.

Proof of Part 2 of Theorem 1. Let f € C*°(R,) be such that f’ is strictly
completely monotone. It suffices to prove for ¢ € {1,2}:

Ep wlf(|X - X 2 0

for all distributions on (X,Y) with equality if and only if X 1 Y. We in-
troduce the following definition of conditionally positive (negative) (semi)-
definite kernels.

DEFINITION D.1. A continuous function K : R* x R* — R is said to be
conditionally positive semi-definite if

(5) $Y s K (ai,y) = 0.

=1 j=1
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for all N € N, all pairwise distinct values x1, s, ..., zn € R and all o € RN
satisfying Zfil a; = 0. The function f is said to be conditionally positive
definite if Eq (5) is strict unless « is zero. Conditionally negative semi-
definite and conditionally negative definite functions are defined analogously.

A fundamental result due to Székely and Rizzo [14] shows that
Ep_w [K (X,X")] >0

whenever K is conditionally negative definite and moreover the equality
is strict when X is not independent of Y. Hence it suffices to prove that
K(X,X') = f(l|X — X'||7) is conditionally negative definite when ¢ € {1,2}.

e For the case ¢ = 2, Schoenberg [12] shows that when f’ is strictly
completely monotone, then the function K (X, X’") = f(||X — X’[|3) is
conditionally negative definite (see also [10]).

e For the case ¢ = 1, Bernstein’s theorem for completely monotone func-
tions [11] shows that any function f € C*°(R,) whose derivative f’
is strictly completely monotone admits the following Lévy—Khintchine
representation

flz) =a+bx+ /000(1 — e ) p(dt).

where a € R, b > 0 and g is a non-negative measure on R, satisfying
(i) p(0,00) > 0 and (ii) f;° min{1,z} p(dz) < co. Therefore,

© Flle=ol) =a+ble -+ [ (1= duty

Note that both (z,2') +— |z —2/|]; and (z,2) — —e =2l are
conditionally negative definite (see [12]). This shows that K(z,z') =
f(llz—2'||;), as an weighted average of conditionally negative defi-
nite kernels (note the total weights are positive since pu((0,00)) > 0 is
strict), must be also conditionally negative definite.

D.2. Proof of Lemma D.1. The proofis by induction. Consider s = 1.

Flz;1) = f(z + ar(1)) = f(z + a1(0))

1
= /0 f(l)(l‘ +ai(t1))dts - (a1 — a1,0).
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Assume the integral representation holds for s < k — 1. Consider s = k. Use
the notation f,(-) to represent the function f(z + -). For s = k, we compute

(7)
k
Flask)= > (0P £ asu, )
ue{0,1}F j=1
k—1
= Z (_1)par(u)—1 . fx(Zaj,uj + ak71>
ue{0,1}F up=1 j=1

+ Z ( 1)paru fx(Zagu] +ak0>
j=1

u€{0,1}F up=0

k—1
= Z (_1)par(u) .fm< Aj; + am)
ue{0,1}k-1 j=1
k—1
+ Z (_1)Par(U)*1 . fx( Qju; + a;%o)
ue{0,1}k—1 j=1
k—1 k—1
= (_1) ’ Z ( 1)par (-1 fx(Za],uj + ag 1) - fcc(Zaj,uJ- + ak,O)
ue{0,1}k-1 j=1 j=1
=(-1)- Z (71)par(u)—1 . / f(l)(Za]u + ak(tk)>dtk (ap1 — ako)
ue{0,1}k-1 Jj=1
/ S (—appet f;1>(2aj,uj Fax(t))dt - (ar — aro)
ue{0,1}k-1 j=1

By induction hypothesis for s = k — 1, we have the representation

k-1
> (ot > + an(te))

ue{0,1}k-1
k—1

_ k 1 / / / Za] tj )dt1dt2 Ldtp—1 - H(aj,l - Gj,())-

j=1
Now substitute it into the last line of equation (7). We obtain

k

F(x;k):(—1)k-/01/01.../01 ;’ﬂ(.

-1
Jj=

k
Qj (tj)>dt1dt2 e dtk . H(aj7l —aj70),
j=1

—_
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This gives the desired integral representation.

APPENDIX E: THE MASKING PHENOMENON: LANDSCAPE
ANALYSIS OF OBJECTIVE FUNCTION

This section studies the masking phenomenon of the metric learning ob-
jective F(3;Q). Proposition 2 and Proposition 2 show that it is possible
to construct some distribution Q such that the support of any stationary
point of F(3;Q) is a strict subset of the signal set S. This implies that naive
maximization of the objective F/(5;Q) can’t recover the signal set S.

The organization of the section is as follows. Section E.1 presents the proof
of Proposition 2. Section E.2 presents Proposition 2 (which complements the
example in Section 2.2 of the main text). Section E.3 presents the proof of
Proposition 2.

E.1. Proof of Proposition 2. We consider the model
1
QY=1)=QY¥=0==, X;1X2|Y

1 .
Q(Xj:iilel): (1+4;), j=1,2

— N

1 ,
QX =45 [V =0) = (L F ), j=1.2

where the parameters 01,2 € (0,1) are to be determined. Denote

D, = {B € R% : max{p, B2} < r}.

Below we show we can carefully choose the parameters 1 > §; > do > 0 such
that for all large enough 7, 5 = (r,0) is the unique stationary point w.r.t D,.

We first show for any §; > o and any r > 0, any stationary point 8 € D,
must satisfy 81 = r. To see this, it suffices to show the objective is strictly
increasing w.r.t 81. Indeed, we prove for all 5 € D,.,

0
8 —F(5;Q) >0
0 S F(:Q)
Below we prove equation (8) holds for all 5 € D,. Indeed, by definition,
0

95 F(3;Q) = Ep_w [| X1 — X1|f'(611X1 — X1| + B2| X2 — X3))]
(9) !

= L0 = BB — I (B ) + S (B + )

Now, by assumption §; > dy > 0, and f/'(51) > f'(B1 + B2) > 0 since f’ is
strictly completely monotone. As a result, equation (9) implies the desired
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equation (8). As mentioned before, this implies for all §; > d2 > 0, all r > 0,
any stationary point 5 € D, must satisfy 1 = r.

Next, we show for any d; > o2, f* = (7,0) is the unique global maximum
in D, for all large enough r. Since F(f;Q) is always strictly increasing w.r.t
B1, it suffices to prove for all large enough r, the inequality below

(10) F(5%Q) = F(5Q)

holds for any f of the form 8 = (r,¢) where ¢ € [0, 7] and additionally with
equality if and only if ¢ = 0. We evaluate F(3;Q) at 5 = (r,¢)

F(B;Q) |p=(r,c)
—Ep_w [f(r|X1 — X]| + ¢| X5 — X3|)]

= [0+ 8)10) 4 G2+ B+ )+ (5F — )+ 5 - 8D )]

Substitute the above expression into (10). It suffices to prove for all large
enough r, the inequality below holds for all ¢ € [0, 7]

(11) (67 = 83)(f(c) = £(0)) = (6 + 83)(f(r +¢) — f(r))

with equality if and only if ¢ = 0.
Below we prove this result. By assumption f' € C*°(R,) is strictly com-
pletely monotone satisfying f/(co) = 0. By Lemma H.1, we obtain that

fla)=a= [~ e ula),

where a € R and p is a non-negative finite measure on [0, c0) that satisfies
|¢] = p(R4) > 0. As a result, we have that

fr )= = [ (- e i

(12) .
£ =10 = [ (=)

Now that t — e~ is decreasing and ¢ — 1 —e~ ¢ is increasing. By covariance
inequality (Lemma O.6), we obtain (recall |u| = p([0,00)) > 0)

> —tr _ —tc 1 > —tr > _ —tc
/0 e (1 ) p(dt) < A p(dt) - /0 (1 )(dt)

which, in view of the identity (12), is equivalent to

(13) flr+e) = 1) < o / () - (f(e) — £(0)).
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Note that equation (13) holds for all 7, ¢ > 0. Now, by dominated convergence
theorem, fooo e u(dt) — 0 as r — oo. Hence, equation (13) implies that the
desired inequality (11) must hold for all large enough 7, and with equality if
and only if ¢ = 0. This proves that for any fixed d; > d2, 8* = (r,0) is the
unique global maximum in D, for all large enough r.

Finally, we prove that, under the assumption that f’ is strictly completely
monotone, and that f’ is not slowly varying at co, we can carefully choose
01 > d2 > 0 such that g* = (r,0) is the unique stationary point in D, for
all large enough r. Indeed, let 61 > d2 > 0. By the first part, we know there
exists some rg = 19(d1,02) < oo such that for all » > rg, any stationary
point § € D, must satisfy 8 = (r,¢) for some ¢ € [0,r]. Now, our strategy
is to carefully design §; > d2 > 0 such that for all large enough r, any point
B = (r,c) where ¢ > 0 can’t be stationary. The high level idea is to prove that
under the appropriate choice of the parameters d1,d9, we have for all large
enough r, the objective is strictly decreasing w.r.t fo, i.e., for all ¢ € (0, r]

0
(14) %F(ﬁv(@) |B:(r,c)< 0.

Below we show we can achieve this goal.
To see this, we start by evaluating the gradient w.r.t 5y at 5 = (r,¢)

8 1 !/ /
35,7 B Q) lo=¢re) = 5 (67 +83)f'(r +¢) = (67 = 83) f'(0)] -

By simple algebraic manipulation, we obtain the bound

3} 1 fl(r+c) 6262
15 —F(B; o) < = (0% 4 63) - -l 2

Here comes the key. We show at the end of the section that any completely
monotone function f’ with f'(co) = 0 must satisfy

fr+e) _ £
1o Sy 7@ )

Since f’ is not slowly varying, we can always pick « < 1and 1 > §; > d2 > 0
such that

. f'(2r) 5 — &
17 1 < .
{an) T ) S s

Pick any 41, d2, o that satisfies equation (17). By equation (15) and equation
(16), we conclude that for the d;,d2 we pick, equation (14) holds for all
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¢ € (0,r] when r is large enough. As mentioned earlier, this proves that for
the 01,02 we pick, the only stationary point in D, is §* = (r,0) when r is
sufficiently large.

To complete the proof, here we show the deferred claim at equation (16). It

suffices to prove the mapping ¢ — g(c) := ! ,f(,r (t)c) is monotonically increas-

ing. Since f’ € C>®(R) is strictly completely monotone with f’(oc0) = 0,
Lemma H.1 implies the following representation of f’:

(18) Fa) = [t tuta.

where p is a non-negative finite measure on [0,00). Let 0 < ¢1 < ¢g < 7.
Below we show g(c1) < g(c2), or equivalently,

(19) log f'(r + c1) + log f'(c2) < log f'(r + ¢2) + log f'(c1).

To see this, z — f/(x) is log-convex since x — te™* is log-convex [3]|. Now

equation (19) is merely a consequence of the majorization inequality [8].

E.2. Proposition 2. Proposition 2 makes precise the qualitative state-
ments described in the example in Section 2.2.

We start by recalling the setup in the example. Consider the following
additive main effect model:

In above d; > 0 is the signal size for the feature X;. For convenience, we
reparametrize the signal size as p; = (1 + 5?)/(1 - 5]2) We assume p; >
p2... > ps > 0, or equivalently §; > do2 > ... > 65 > 0. Fix f(z) = —e™*
and ¢ > 0. Proposition 2 below gives a full description on all the stationary
points of the objective

F(B;Q) =Ep_w {F(HX - X/HZ,ﬂ)]

with respect to the box-constraint set D, = {f: 0 < 8; < r} when r is large.
To conveniently state the result, we introduce the following definition.

DEFINITION E.1 (Classification of Stationary Points). We make the be-
low definition on stationary points 8 of F(8;Q) w.r.t the constraint D,.
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o A stationary point 8 is called regular if max;cqupp(g) Bi < 7-

e A stationary point (3 is called irregular if maX;egupp(g) Bi = 7

o A stationary point 3 is called abnormal if it is irregular with B,, =
r > max;zy Ba,. Here supp(B) = {a1,...,ar} where a; < ... < ay.

We briefly explain the motivation for the definition. Proposition 2 shows
that a stationary point of F'(8; Q) w.r.t the constraint D, can be either reg-
ular or abnormal, and that existence of an abnormal stationary point is due
to the boundary effect caused by the box constraint of the optimization (an
abnormal stationary point 3 has the largest coordinate f3,, for the weakest
signal X, ).

1
We also introduce the notation pp = (I[;cp p;)1?! for any subset B C [s].
Hence pp is the geometric average of the signal size p; over j € B.

PROPOSITION 2. For all large enough !, the stationary points of F(53; Q)
with respect to D, = {#: 0 < B < r} has the below characterization:

1. There exists one and only one 1-sparse stationary point at (r,0,...,0),
which is also the (unique) global maximum.

2. There does not exist any 2-sparse stationary point.

3. There may exist k-sparse stationary points for any k > 3. Pick any set
A=A{a1,...,a} C[s] with |[A|=k >3 and a; > ... > ag.

(a) There is a regular stationary point  with supp(8) = A only if

k
20 min p2 > (p4)*F1 > max p;.
( ) jEA pj - (PA) pey jG[S} p]
Conversely, if the inequality (20) strictly holds, then there is a
regular stationary point 8 with supp(8) = A.

(b) There is an irregular stationary point B with supp(8) = A only if

k—1 __1
21 min  p? > (pg4 =207 > max  pj.
GO i e > Pave) 7o > e e
Conversely, if the inequality (21) strictly holds, then there is an
irregular stationary point B with supp(5) = A, and moreover that

stationary point B must also be abnormal.

E.3. Proof of Proposition 2. We start with Lemma E.1, which gives
the expression of the gradient of the objective F(3;Q) under the above
model. The proof of Lemma E.1 is deferred into Section E.3.4.

IThere exists ro < oo such that the statement of Proposition 2 holds for all » > r.
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LEMMA E.1. For any j € [s], we have the expression of the gradient:

0 .
a—ﬁjF(ﬁ; Q) = wje’ﬂﬂ . ,};Ij ((1 —wg) + wke*B’“>

— (1 —wj)e P H (wk +(1- wk)e_ﬂk) .
k#j

In above, w; = $(1+ 5?) for all j € [s].

Since the statement of Proposition 2 contains three separate parts, we
present the proof of them in the three subsections below.

E.3.1. Proof of Part 1 of Proposition 2. The organization of the proof
can be decomposed into the following three steps.

e First we show that g = re; = (r,0,...,0) is the unique global maxi-
mum for large enough r.

e Next we show that 8 = re; is the only stationary point of the form
B = ce1 when r is large enough.

e Finally, we show no 1-sparse stationary point can take the form of ce;
for j # 1. This holds for all » > 0.

First, we start by proving that 8 = re; is the unique global maximum
of F(B;Q) over the constraint set D, when r is large enough. Let us first
compute the objective function (recall w; = %(1 + 5J2))

F(B;Q) = _HEB [efﬁjlxjfxﬂ/"] —l—H]EW [efﬁj\XﬁXJl‘q
J J

(o e )~ (1)

J

(22)

Writing 5* = re;, we obtain F(8*;Q) = (2w; —1)(1 —e™"). Below, we prove
that for large enough r, the inequality below holds for all 8 € D,

(23) F(6*:Q) > F(3;Q)

with an equality if and only if 8 = §*. To see this, we find it convenient
to introduce an algebraic transformation z; = e™% € [e™", 1]. Recall the
expression in equation (22). Define the function x — G(x) by

G(x) =[] (wj+ (1 —wp)zy) = [T (01 = wj +wjaj) -

J J
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Hence, G(r) = F(B;Q) when z is the transformation of 8 (z; = e™%). It
suffices to prove that for the point 2* = e™"e; (which is the transformation
of 8*), we have the inequality below holds for all 2 such that z; € [e7", 1]

(24) Gx*)=Qw— 1)1 —-e") >G(x)

and this inequality becomes an equality if and only if x = x*.

Below we prove this. Although the proof is elementary, it is technically
non-trivial. The first step is to show that the maximum of G(x) over &, must
be attained at some x € ext(&,) where ext(&,) = {x : x; € {e7",1}}. To see
this, we use the method of adjustment|[13]. Indeed, for any z & ext(&,), we
can always pick a variable x; € (e™",1). Since G(x) is linear in z; given all
other variables x_;, we can always increase G(x) by fixing x_; and adjusting
x; to one of the boundary values e and 1. The principle of method of
adjustment then says the maximum of G(z) must be attained at some x €
ext(&,). As a result of this fact, it suffices to prove for all large enough r, the
inequality below holds for all x € ext(&,)

(25) G(z*) = (w1 — 1)(1 — ") > G(a).

In addition, we need to show the point = € ext(&,) that attains the maximum
MaX,cexi(s,) G(7) is unique, and that point is » = z*.

Checking inequality (25) holds for large 7 is the second step. Here we note
that given any z, G (as a function of w) is monotonically increasing w.r.t w;.
Now we introduce the definition of x — G(z), where we replace all the w;
(7 > 2) in the definition of G by wa:

G(z) = (w1 + (1 —w)ar) - [] (w2 + (1 = wa)ay)
i>1
— (1= w1) +wizr) - [ (A = we) + wary)
7>1

One can show that G(z) < G(x) using the assumption wy > w; for all j > 2.
Additionally, G(z*) = G(z*). As a result, it suffices to prove for large enough
7, the inequality G(x*) > G(x) holds for all € &,. Now, for any z € &,, if
we denote k = |{j > 2: x; = e "}|, then we have that G(x) = H (k) where

(w1 + (1 —w)e ) (wo + (1 — wg)efr)k
( (1—wy)+wie” T) . ((1 — wo) +LU2€_T)k

In particular G(x*) = H(0). Thus, it amounts fo check for the mapping
k — H(k) where k € N, H(k) attains its unique maximum at k& = 0 when
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r is sufficiently large. With some legwork, we can easily show this by first
proving that H(1) < H(0) for all large enough r, and then showing that
k +— H(k) is decreasing as long as H(1) < H(0) and w; + (1 —wy)e™" < 1.
Consequently, we can show easily that the mapping k — H (k) has its unique
global maximum attained at £k = 0 when 7 is large enough. From our previous
(lengthy) discussions, we know that this implies that § = re; is the unique
global maximum of F'(3;Q) over D, for all sufficiently large r.

Next, we prove that 8 = req is the unique stationary point of the form
B = cey for large r. To do so, our strategy is to prove that 8%117(,8;@) >0
at 8 = ceq for all ¢ > 0. To see this, Lemma E.1 implies for any ¢ > 0

0
8751}7(5’ Q) |ﬁ:ce1: (20‘-)1 - 1)e—c > 0.

Hence 8 = cej can be stationary only if 5 = re;.
Finally, we prove that 3 = ce; can’t be stationary for ¢ > 0 and j # 1. We
show that a%lF(ﬁ; Q) |p=ce; > 0 and thereby such a point can’t be stationary.

Once again using Lemma E.1, and noticing that w; > w; > %, we obtain
0 ) B e

aiﬁlp(ﬁ,(@) ‘ﬂzcej —wl—on—I—(wl +Wj—1)€ >O,

Thus 3 = ce;j can’t be stationary for all ¢ > 0 and j # 1.

E.3.2. Proof of Part 2 of Proposition 2. The proof is by contradiction.
Let’s assume 3 = c1e;, + caej, for j1 < jo is a stationary point. As before,
using Lemma E.1, and using the assumption that w;, > w;, > %, we obtain

0
853'1

Thus, if 3 = c1ej, + coej, is a stationary point, it must be ¢; = r.
Now, using Lemma E.1 again, we obtain at 3 = re;, + czej,

F(3;Q) = e - ((wj, —wjp) + (wj, +wj, —1)-€72) > 0.

0
aﬂ]é

Note then this is negative for large r since wj, > wj, by assumption. Thus,
for large enough r, any stationary point 8 = ciej, + cae;, with ¢; = r must
have co = 0, and thus can’t be 2-sparse.

This proves that no 2-sparse stationary points exists for large enough 7.

F(ﬁ,@) =e . ((wjz - le) + (wjl +wj, — 1) : e—r)
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E.3.3. Proof of Part 8 of Proposition 2. Let A = {a1,as,...,ar} with
a; < ag < ... < ag. Assume 3 is a stationary point with supp(5) = A. We
decompose A = A; U Ay where Ay ={i € A: 5, <r}and Ay ={i€ A:
Bi =r}. Write 8 = Zle Bieq,. Note that § is stationary if and only if

0
—F(3;Q) =0 for j € Ay,
9B; (B;Q) orj 1
iF(ﬁ-(@) >0 forje A
3/3]‘ ) = J 2
0 F(B;Q) <0 forje A°
aa ; > rJ .
dB;
Using Lemma E.1, we obtain equivalent expressions of above
(26) pi = H p? for j € Ay
l#7,leA
(27) o= [ ot forje A
l#7,leA
(28) ps < [ oi forjeac
leA
where we use the notation
_ Y 1 2
'Oj_l—iwj’ Wj—§(1+5j)
* w; * 1
Pi=1 o5 Y= wj(l = ;) + (1 —wj)ej, ¢j = 11 eb

J

wit+e "
1+e="

The constraint 3; € [0, r] is equivalent to > wi > %, or equivalently

(29) 1< pi<p e (14p)

Now we have the system of equations (26)—(28) w.r.t the unknown variables
p; along with the constraint (29). Each solution of the system of equations
corresponds to one stationary point. We note that the solution of the sys-
tem is a tuple ({pj}jea, A1, A2). Sometimes, we write ({p}}jeca, A1, A2) =
({p}(r)}jea, A1(r), A2(r)) to emphasize its dependence on 7.

In the first part of the proof, we prove the following results.

1. The set Aa(r) must be either As(r) = 0 or As(r) = {ax} for large
enough r.
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2. There exists some rg < oo such that the following holds: assuming there
exists a solution ({pj(r)}jea, A1(r), A2(r)) for the system of equa-
tions (26)—(28) with As(r) = 0 for some r > rp, then it is necessary
that the following condition holds:

k
(30) min p5 > (pa)FT > nAx ;.
By our definition, the stationary point 8 = ((r) corresponding to such
a solution ({p}(r)}jea, A1(r), A2(r)) is a regular stationary point.

3. There exists some rg < oo such that the following holds: assuming
there exists a solution ({p;(r)}jea, A1(r), A2(r)) for the system of
equations (26)—(28) with Ax(r) = {ax} for some r > rg, then it is
necessary that the following condition holds:

k—1 __1_
31 min  p? > (p4 F2 . 00,7 > max  pj.
GO e 2 P e 2 o ey
By our definition, the stationary point 8 = 3(r) corresponding to such
a solution ({p}(r)}jea, A1(r), A2(r)) is an irregular stationary point.

Below we prove the above results. Let fll and AQ be two sets such that
A = Ai(r) and Ay = A (r) hold for some sequence r = r, where r,, tends
to infinity. Fix this sequence. Let p; be (one of) the accumulation point of
the sequence {p}(rn)}nen (note the existence of the accumulation point is
guaranteed since {pj(ry)}nen is uniformly bounded). Since the system of
equations (26), (26), (28) hold for ({p}(r)}jea, A1(r), A2(r)) for r = 1y, it
also holds for the limit ({f;}jea, A1, A2), i-e.,

(32) pi= [ A forje A
1#j,leA

(33) pj = H pi for j € Ay
1#j,leA

(34) pi <[] forjea
leA

where the constraint becomes (compare it with equation (29))

(35) Dj :~pj fOI"j: € {12
1<pj<p; ftorj¢A

According to equations (32) and (33) and the constraint equation (35), we
know that p; > p; for any j,I € A and [ # j. In particular, this means that
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min; p; > pyforl € A. As py = py for | € Ay, this implies that Aj is either
empty or a singleton, and further Ay = {ax} when it is a singleton. Now we
divide our discussion into two cases:

1. In the case where Ay = ), one can solve that

pj = Pj_l

k_
. ( p A) E—1,
Checking the constraint gives the necessary condition (30).
2. In the second case where Ay = {ay}, one can solve for j € A, j # ay,
R e = T k=1
pi =i pa " (Paga)
Checking the constraint gives the necessary condition (31).

In summary, this proves the aforementioned claim.
Next, we argue the following claim.

1. Suppose the following strengthening of condition (30) holds
k
36 inp? > (pa)F1 > .
(36) min pj (Pa) max p;
then the system of equations (26)—(28) has a solution with Ay = 0.
This holds for all r > 0.
2. Suppose the following strengthening of condition (31) holds

k—1 __1_
37 min p? > (p E2 .o "7 > max  pj.
G i, > o)) = - pal™ > a0y
then the system of equations (26)—(28) has a solution with Ay = {ax}.
This holds for all sufficiently large r.

The above claim is easy to prove.

1. Suppose condition (36) holds. Then we can take A = a, Ay = (), and
set for j € A

* —1 o\
p;=p; - (pa)FT.
It is easy to check that the above p;‘- satisfy all the constraints.
2. Suppose condition (37) holds. Then we can take A; = A\{ay}, A2 =
{ax}, and set p; = pa,, +e7"(1 + p;) and for j € Ay,
2 _

Pt (0h) T2 (Pavfan}) 2

*7

Pj

It is easy to verify that the above p; thus defined satisfy all the con-
straints for all sufficiently large 7.

The proof is thus complete.
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E.3.4. Proof of Lemma E.1. The proof is simply computation. First, we
have by definition
0 /
= F(3,Q) = Epw [|X; — Xjle™ Zx Al
0p; J
Now we evaluate the RHS. Consider the case Eg[-] = E[-|Y # Y”]. By con-
ditional independence of X} given Y, we have

(38)

Eg [|Xj — X}le™ >k 5k|Xk_X1/€|:|
=Ep |:E[|Xj _ X;|6—5J|Xj_X§\ Y, Y’} .E|:€Zk;éj Bl X — X1 | Y, Y/:|:|

Note the conditional expectation given Y, Y” are the same for (Y,Y”’) = (0,1)
and (Y,Y’) = (1,0). Thus, we have on Y # Y’

E [ij — X!|e B Xy, Y’} S
E [e*ﬁ’k'Xk*Xé' v, Y/} = (1 — wy) + wpe Pk
Substituting these expressions back into our formula yields
Eg [!Xj — Xile” 2k ka‘X’“_Xllcl} = wje . H ((1 — wg) + wy - e_ﬁk) .
oy
Similarly, we can solve the case Ey[] = E[|]Y = Y']:
Ew “Xj — Xjle” 2k 6’“|X’€_Xllf‘] = (1 —wj)e i H (wk +(1— wk)e_5k> :
kg

Substituting the expressions into equation (38) yields the desired result.

APPENDIX F: PROPERTIES OF ALGORITHMS ON POPULATION

F.1. Proof of Proposition 1. The proof is divided into two parts. For
notational simplicity, we denote B = supp(/3).

1. Theorem 1 says F'(3) > 0 only if Xp is not independent of Y.

2. Let A be any strict subset A C B such that X4 L Xp\4. We prove
that Y|Xp # Y|X4. Suppose on the contrary that Y|Xp ~ Y|X4.
This says that if we denote X = Xp, then we have Y|X ~ Y|X 4 and
X4 L X e. Here comes to the key of the proof. Since F(3) > 0 by
assumption, Proposition 3 implies that for any variable j € B\ A:

0

(39) a—BjF(ﬁ) <0.
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This means that we can strictly increase the objective by decreasing
B; for any variable j € B\ A, which contradicts the assumption that
is a local maximum! Thus we must have Y| Xp # Y |X 4.

F.2. Proof of Proposition 3. The proof is based on routine calcula-
tion. Let P and () denote the density functions of the distributions IP and Q
w.r.t some base measure p (say p = 1(P+Q)). We start from the definition
for the rebalancing distribution Q:

1

where Z is the normalization factor. We now prove the two claims (a)-(b) of
Proposition 3 in the below paragraphs.

a) Integratation over x s, on both sides of equation (40) gives
S

L Plog ) PO -y | xg)

() Qusy) =
1

(42) = Plag) Plylzg) P —ylag).

Note y takes value only from {0, 1}. Thus, equation (42) shows the joint
distribution Q(z g, y) is in fact independent of the value y € {0,1}. This
proves that X¢ 1 Y under Q and moreover that Q(Y = £1) = 3.
(b) We use equation (40) and (41) to obtain
Q(xgaxgcay) P($§a$§c,y)
QxAc Tg,Y) = - :P.'L'AC TayYy).
(@5 | 25,9) Q(zg,y) P(zg,y) (5 | 75:9)
This proves that the conditional distribution of Xg.|X¢,Y is the same
under P and Q as desired.
(c) We can W.L.O.G assume S C § since the weight satisfies

PA-ylzg) =P -y|zs4)-

As Y|Xg = Y|X and Xg L Xge under P, we have Xge L (Y, Xg)
under P. In particular, the density P factorizes into products: P(y,z) =
P(y,xs)P(zse). Consequently, if we substitute it into equation (40), we
obtain the expression

Qg 7508 = - (Ples,y) - P(1 —y | 2g)) - Plas:)

which shows that the density @ factorizes into products of functions of
(Xs,Y) and of Xge. This implies that Xge L (Y, Xg) under Q. Thus
Y|X =Y|Xg and Xg L Xge under Q.
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F.3. Proof of Proposition 4. We divide our proof into two parts.

1. Suppose Y | X5 # Y | Xg. Below we show that supp(f3) is a subset of
S \S” for any local maximum . Our proof proceeds in three steps.

e First, we show that F(3;P¥) > 0. Let f(¢) = 8+ elg for € > 0.

Note Xg £ Y (since Y | X5 o Y | Xg). Since supp(B(¢)) 2 S,

Theorem 1 immediate implies that F'(5(¢); P¥) > 0 for any € > 0.
This implies that F(5;P") > 0 since S is a local maximum.

e Second, we show that supp(3) N (S\S) # 0. Note that

— Xaupp(g) £ Y. Indeed, we have F'(3;P“) > 0 since the first
step. Thus Xgupp(8) £ Y by Proposition 1.

— Xg g L Y under P* thanks to Proposition 3.

The above points show that supp(/3) can’t be a subset of S¢U S.
Equivalently, this means that supp(8) N (S\S) # 0.

e Lastly, we show that supp(3) NS¢ = (). It suffices to prove that
supp(pB) = supp(B) N S. Proposition 3 shows that S¢ remains the
noise under P, i.e., Y|X = Y|Xg and Xg L Xgec under P¥. Thus

Y| Xsupp(s) ~ Y [ Xsupp()ns under P*. As 3 is the local maximum,

the second part of Proposition 1 shows that supp(8)N.S = supp(3)

must be true. This proves supp(3) NS¢ = (.

2. Suppose Y|Xg ~ Y[Xg. By definition of P*, we have
1
Pw(xgal:gcvy) = EP(:Bay)P(l_y | $5‘)

where Z is the normalization factor. Notice that
P(z,y) = P(y | x5)P(zs)P(wgc) = P(y | ) P(xs)P(wse),
where the last identity uses Y[ Xs ~ Y[Xg. Hence we have

(18)  PUrgwsy) =5 PO~y | 2)P(y | 25)Plrs) Plas:)

Note y takes value only from {0, 1}. Thus, equation (43) shows that the
joint distribution P*(z ¢, x4.,y) is independent of the value y € {0, 1},
which implies that X L Y under P*. Hence F(3;P") = 0 for all .

F.4. Proof of Proposition 5. In fact, Proposition 5 is an immediate
consequence of Proposition 4. By Proposition 4, (i) the population Algo-
rithm 1 never selects any noise variable from S¢ and (ii) the algorithm
always adds new signal variables from S as long as Y[Xg 7 Y| X4. Hence,
Algorithm 1 terminates in finite iterations, and outputs a set S that satisfies

the desired properties (i) Y| Xg ~ Y| X¢ and (ii) Scs.
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APPENDIX G: POPULATION GRADIENT ON NOISE VARIABLES

This section studies the gradient of the population objective with respect
to noise variables. The results in the section serve as the foundation on
establishing the false discovery guarantee of the metric learning algorithm
(see the proof of Theorem 2 and Theorem 3 in Section K and Section M).

G.1. Main Results. Below we present the main results of the section.
The result of the section only applies to Q that is balanced: Q(Y = 0) =
QY =1)= % Let’s consider the population objective function

(44) F(8;Q) =Ep_w [f((5,d))].

Proposition 3 shows that the gradient with respect to noise variable is non-
positive. The proof of Proposition 3 is deferred to Section G.2.

PROPOSITION 3. Assume the following assumption.

e Y | X =Y |Xs and Xg L Xgc under Q.
o Let f € C®(Ry) be such that [’ is strictly completely monotone.
o The choice q € {1,2}.

Then we have for any B € ]Rﬁ_ and any j € S¢,

0
%F(ﬁ;@) <0.

The inequality is strict if the below two conditions are satisfied:

o F(5Q)>0

e the random variable X; 1s not degenerate.

While Proposition 3 shows that qualitatively the gradient with respect
to noise variables is negative, Proposition 4 makes one step further, show-
ing that quantitatively the absolute value of the (negative) gradient is lower
bounded by the (square of the) objective function. We emphasize that Propo-
sition 4 is the key technical result that leads to the self-penalizing property
of the metric learning algorithm (see Theorem 2). The proof of Proposition 4
is deferred to Section G.3.

PROPOSITION 4. Assume the following assumptions.

e V| X =Y|Xg and Xg L Xge under Q.
o Let f € C®(Ry) be such that f' is strictly completely monotone.
e The choice g € {1,2}.
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o For some M < 00, |X|ooc < M almost surely under Q.
e In the case where ¢ = 2, f' has an analytical extension on the complex
plane C such that |f'(2)] < A(1 + |z|)NePI®| for some A,B,N < co.

Let B={B € RE :||B]|; < b}. Then there exists a constant ¢ > 0 depending
only on b, M, q, f such that for any 6 € B and any noise variable j € S€,

O F(3:0) < —c E[d)] - (F(5:Q)) <0.
0p;
G.2. Proof of Proposition 3. We compute the gradient w.r.t §;:
(45) 9 p(5:Q) = Epow [d;- £ ((8,d))]
0p;

We condition on Xge, Xg. so that dge may be treated as constant for j € S€.
Note that

(46)
Eg [d;- f' ((8,d))] =E [d; - Eg[f'({Bse, dse) + (Bs,ds)) | Xse, Xge]]

2 E [dj - Ew[f'((Bse, dse) + (Bs,ds)) | Xse, Xge]]
= Ew [d; - ' ((8,4d))]

For (i), note that Xg 1 Xgec and Y|X = Y|Xg imply Xge L Xg|Y under Q.
So the distribution of dg is unaffected by conditioning on Xge, X¢.. Then
(i) follows from the fact that

Eg [f (c+ (Bs,ds))] = Ew [f' (c+ (Bs,ds))]

for all ¢ > 0 since f’ is completely monotone (see discussion of transla-
tion invariance in Section 2.1). Finally, we notice that if F'(3;Q) > 0, then
Xsupp(g) is not independent of Y, and if X; is non-degenerate, then d; > 0
with positive probability, in which case inequality (i) becomes strict since f’

is a strictly completely monotone function.

G.3. Proof of Proposition 4. In the proof, we use the notation F(f3; f,Q) =
F(B;Q) to emphasize the dependence of F(8;Q) on f.

Our first step is to derive the expression for the gradient of the F'(3; f, Q).
According to equations (45) and (46) in the proof of Proposition 3, we have
the following characterization on the gradient of F'(3; f, Q). For any § € B
and j € S¢ we have the identity

(47) (%F(B;f, Q) =E[d; - Epwlf'(8.d)) | Xsr, Xb]] .
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The key part to establish Proposition 4 is to upper bound the RHS of the
above expression, and in particular, the conditional expectation inside the
RHS of the above expression. The bound is formally summarized in the
following claim, whose proof is deferred into Section G.4.

CLAIM 1.  Under the Assumption of Proposition 4, there exists some con-
stant ¢ > 0 that depends only on b, M, q, f such that for any B € B:

(48) Ep-w(f'((8.d)) | Xse, X5 < —c- (F(B; f,Q))*.

Let ¢ > 0 be any constant such that equation (48) holds for all 5 € B. Sub-
stituting equation (48) into equation (47) yields the desired Proposition 4.

G.4. Proof of Claim 1. The proof is divided into two steps.

e In the first step, we prove a reduction argument, showing that it suffices
to prove Claim 1 under the additional assumption that f’(c0) = 0.

e In the second step, we prove Claim 1 holds under the additional as-
sumption that the function f satisfies f’(co) = 0.

G.4.1. Step 1: reduction argument. To see this how this reduction argu-
ment works, we introduce the auxiliary function (f’(c0) is well-defined since
[’ is completely monotone—see Lemma H.1):

fz) = f(x) = f'(c0)a.

Note that f satisfies f’(oo) = 0 by assumption. Here comes the key argument—
we show that by moving from f to f, the LHS of equation (48) remains the
same, while the RHS of equation (48) decreases. More precisely, we prove

1. The LHS of equation (48) remains the same after we substitute the
function f by the auxiliary function f, i.e.,

!/

(49)  Ep-wlf'((8,d)) | Xse, Xse] = Ep_wl[f ((8,d)) | X5, Xgc]

2. The RHS of equation (48) decreases after we substitute the function f
by the auxiliary function f, i.e.,

(50) F(B; f,Q) > F(5; f,Q).
Here is a quick proof of equations (49) and (50).

1. Equation (49) follows from the fact that the functions 7,($) and f'(x)
are off by a constant, i.e., f (z) = f'(z) — f'(c0).
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2. To prove equation (50), we start with the following identity:

(51) F(B;£,Q) = F(B; /,Q) + f'(c0) - {8, Ep—w/[d]).

Now we prove that f'(c0) > 0 and Ep_w[d] € RE. To see this,
— f'(00) > 0 since f’ is completely monotone.
— We prove Eg_p[d;] > 0 for all ¢ € [p]. In the case where ¢ = 1,
EB_W[CIZ‘] = EB—WHXZ' - XZ/H >0 (note that f(.CU) = \/E is
completely monotone, and the result follows from Theorem 1). In

the case where ¢ = 2, a simple calculation yields that Eg_y[d;] =
Ep-w[(Xi — X])?] = (E-w([Xi])* > 0.

Now equation (50) follows from equation (51).

With equations (49) and (50) at hand, it suffices to prove that Claim 1 holds

for the function f. Now the function f satisfies all the assumptions stated in
—/
the Claim 1 with the additional property f (00) = 0. One can verify this via

. 7 is completely monotone (since f’ is completely monotone).

e In the case when ¢ = 2, ?l has an analytical extension on the complex
plane C such that |f'(z)] < A(1 + |2|)NeB®l for some A, B,N < oo
(since in the case when ¢ = 2, by assumption f has an analytical
extension with |f(2)| < A(1 + |2])NeB®l for some A, B, N < o).

This proves the reduction—we only need to prove that Claim 1 holds under

the additional assumption that f’(co) = 0.

G.4.2. Step 2: main argument. Below we prove Claim 1 holds under the
additional assumption that f’(co) = 0. The proof follows from a series of
technical inequalities that are detailed in Lemma G.1-G.4 below. For sim-
plicity of the statement, we introduce the notational shorthand M = (2M)1.

LEMMA G.1. Assume the following assumptions:

e Y | X =Y |Xg and Xg L Xgc under Q.
e The function f € C*°(Ry) and f" is completely monotone.
o For some M < 00, | X|oo < M almost surely under Q.

Then the following inequality holds for oll B € B:
Ep—wlf' ((8,d)) | Xse, Xgc] < Ep_w [f'({Bs,ds) + Mb)] .
The proof of Lemma G.1 is deferred into Section G.5.1.

LEMMA G.2. Assume f' is completely monotone and f'(c0) = 0.
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1. In the case where ¢ = 1, we have

Ep-w [f/(<55,d5> +Mb)} < f‘S‘H(Mb)

= f‘Tl(O) ‘Ep-w [f/(<65’d5>)] :

2. In the case where q = 2, if assuming further that f’ has an analytical
extension on the complex plane C such that |f'(z)] < A(1+ |z|)NeBIR=l
for some A, B, N < oo, then we have

Ep_w [f'({8s,ds) + Mb)] < e P Ep_y [((Bs,ds))]
The proof of Lemma G.2 is deferred into Section G.5.2.

LEMMA G.3. Assume the following assumptions:

o Assume ' is completely monotone on Ry and f'(c0) = 0.
o For some M < 00, | X|oo < M almost surely under Q.

Then the following inequality holds for all 5 € B:
1
AMD| f(0) — f(o0)]

The proof of Lemma G.3 is deferred into Section G.5.3.

Ez—w [f'({Bs,ds))] < (Ep-w [f({Bs,ds))])? .

LEMMA G.4. Assume f' is completely monotone and f'(o00) = 0. Then
the following inequality holds for all 5 € B:

Ep—w [f((Bs,ds))] = Ep_w [f({8,d))] = 0.

The proof of Lemma G.4 is deferred into Section G.5.4.
As a summary, Lemma G.1-G.4 immediately imply the desired Claim 1
holds under the additional assumption that f’(c0) = 0.

G.4.3. Summary. The desired Claim 1 now follows from the results in
the above two subsections G.4.1 and G.4.2.

G.5. Proof of Lemma G.1-G .4.
G.5.1. Proof of Lemma G.1. Introduce the function
(52) G(z) =Ep-w [f'((Bs,ds) + )] .

The desired Lemma G.1 follows from the following two claims.
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(i) We have the representations that hold for all § € B

Ep_wlf' ((8,d)) | Xse, Xgc] = G({Bse,dse))
Ep_w [f'({Bs,ds) + Mb)] = G(Mb)

(ii) The function x — G(x) is monotonically increasing.

(53)

The above claims (i) and (i7) immediately imply the desired Lemma G.1
since (Bge,dge) < Mb holds for all 8 € B (by Holder’s inequality).

Below we prove the aforementioned two claims. To see claim (i), we note
that Xge L Xg|Y since Xg L Xge and Y|X = Y|Xg by assumption. Hence,
the distribution of dg is unaffected by conditioning on Xge, X¢.. This proves
the first equation in (53). The second equation in (53) follows by definition.
This proves claim (7). To see claim (i7), we take the derivative of G(z) and ob-
tain that G'(z) = Ep_w [f”((8s,ds) + x)]. Since —f” is completely mono-
tone (since f’ is completely monotone by assumption), this gives G'(z) > 0
for all x and hence z — G(x) is increasing. This proves the claim (7).

G.5.2. Proof of Lemma G.2. By Lemma H.1, we have for some non-
negative measure p on Ry such that for all integers & > 1 (note that we
have used the assumption f’(c0) = 0 here):

(54 Fw) = ()0 [ e tmaan

0

As a result, we can use Fubini’s theorem to obtain for all > 0:

]| Xs=Xs]

(55 Ea-w [f/(8s.ds) )] = [Enw]e o5 | te~" ()

1. Consider the first case where ¢ = 1. We aim to prove the inequality
(56)

— IS|+1 (77
~Ep_w [ ({Bs,ds + Mb))| > Jw

The core technique of the proof is to decouple the two integrands in the
RHS of equation (55) using the covariance inequality (see Lemma O.6).
Indeed, the covariance inequality states that any pair of monotonically
decreasing functions g1, g2 and any nonnegative measure ji must satisfy

(57) / 1 (B)ga(D)i(dt) > |;| / o (D)dt) - / ga(t)fdt).

Below we use equation (55) to rewrite the LHS of equation (56) into

(~Epw [£((8s.ds))])

(58)  —Ep_w [f((8s.ds) + 1Tb)] = / a1 (B)ga(t)i(dt)
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for appropriately chosen monotonic functions g1, go and measure ji, and
then we will see how covariance inequality leads to the desired bound
in equation (56). First we pick g1(t) = e *M? which is monotonically
decreasing. Next, we construct go(t) in a careful way. By Lemma H.2,
if we denote q;(w) = #HQ, we have the identity (the notation ¢; g(wg)

for i = 0,1 stands for ¢; 5(ws) = E[e?@sXs) | Y = i], see Section H
for details)

CEu [e—tqu—xgnlﬁs]

(59) - / |do,s(tws) — d’l,S(tWS)’Q ' H q8, (Wi)dws

keS
= / |b0.5(ws) — dr.s(ws)* - [ s (wr)dws.
kesS
where the last equality follows from change of variables. Let ga(t) be
1
(60)  go(t) = / |60.s(ws) — dr.s(ws)” [ (2 C 1B, (Wk))dws.
keS

According to equation (59), we have the identity
—t||Xs—X!
—EBfw |:€ t” S SH1,53:| — t‘slgg(t).

In addition, the function ¢ — g2(t) is monotonically decreasing since
t— %-qt/g(w) = %#}BQ is monotonically decreasing. Finally, we pick
fi to be dji = tI¥I*1dy. One can then easily verify that equation (58)
holds for the functions g1, go and the measure i that we pick. As a
consequence of the covariance inequality, we obtain the lower bound

(61) —Ep_w [f'({8s,ds) +z)] > ‘;‘ / g1 () fa(dt) - / g2 () fi(dt).

Now we evaluate the RHS. By equation (54) and (55), we obtain
il = [ 51 utae) = £ )

62 [ o = [0S e = |79 (30

/ w(0)ji(de) = Ep_w [/'((8s,ds))] -

Substituting equations (62) into equation (61) immediately yields the
desired equation (56). This completes the proof.
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2. Consider the second case where ¢ = 2. The Schwartz—Paley—Wiener
theorem implies that p is compactly supported, with supp(u) C [0, BJ.
By equation (55), it is immediate that

(63) Ep_w [f'({8s,ds) + Mb)] < e PM Ep_y [f'((8s.ds))] -

The desired result follows from equation (56) and equation (63).

G.5.3. Proof of Lemma G.3. By Lemma H.1, we have for some non-
negative measure p on Ry (note the assumption f/(oc0) = 0),

61) )= (o) - /0 T et u(dt) and f(x) = /0 T he ()

As a result, we can use Fubini’s theorem to write

Es-w [f'((Bs,ds))] :/

0

Oot ‘Ep_w [e*tws’dsq p(dt).
(65) -
B [F((As.ds)] = = [~ B [70599] uta).

Let 0 > 0 be a constant to be determined. We apply Markov’s inequality to
the first equation of (65), and we derive for all § > 0

Eg—w [f'({8s,ds))] <6 /5 Ep_w [e_ms’dsq p(dt)
(66) 5
— b+ (Eoow U sl + [ Boow e 0599 uan).
0
Now we upper bound the integral in the last line of equation (66). Using the

fact that (Bs,ds) < Mb and the elementary inequality |e™* — 1| < |z] for all
x > 0, we obtain for all § > 0,

é
/ Ep_w |:67t<55’d5>] ,u(dt)’ =
0

<[ " M btu(at) < 3T F(0) — £(s0)]5.
0

é
/ Ep w [(e—t<f3s,ds> _ 1)} H(dt)‘
0

Substituting the bound into equation (66) yields for all § > 0

Ep-w [f'({Bs,ds))] < =0 (Ep—w [f((Bs,ds))] — 2Mb|£(0) — f(00)[5) .
Optimizing § > 0 on the RHS yields the final bound

1
~ 4MD|£(0) — f(c0)|

Es_w [f'({8s,ds))] < - (Bp—w [f({Bs,ds))])”.
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G.5.4. Proof of Lemma G.4. This is implied by Lemma H.3.

APPENDIX H: PROPERTIES OF F(8;Q)—GENERAL RESULT

The result of this section applies to the objective F(3;Q) when g = 1 or
g = 2. We recall the definition of F(3;Q):

F(8;Q) = Ep-w [F(|X = X'[2,)] = Epw [£(48,))] -

The section assumes Q is balanced: Q(Y = 0) = QY = 1) = % This
assumption assures the following identity that holds for any function h,

IE:B—VV [h(Xv X/)}
1
= 5 [ ) Qulae) - Qi) (Qulda”) — @1 ),
where Qp, Q; denote the conditional distribution X|Y =0 and X|Y = 1.

H.1. Notation. Let Qy and Q; denote the conditional distribution of
X given Y =0 and Y = 1. Write

do(w) = Eo [N and gu(w) =By X))
We use @3 to denote the following function (depending on the choice of ¢):
1. Qp(w) is the Cauchy density with scale 5 when ¢ = 1.

1 B

Qslw) =2 a e

2. Qs(w) is the Gaussian density with scale 8 when ¢ = 2.
1 _w?
e
\/ 2732

H.2. Main Result. Lemma H.1 below gives a useful characterization
of the function f whose derivative f’ is strictly completely monotone with
f'(00) = 0. We defer the proof of Lemma H.1 into Section H.3.

Qp(w) =

LEMMA H.1. Assume Assumption (A1). Then for some scalar a € R
and some non-negative measure p on [0,00) with u(Ry) > 0, we have the
representation:

(67) f(@) = a+ f(oo)z — /0 et (),
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where f'(00) = limy_y00 f/'(2). Moreover, we have that

@)= floo)+ [ te ()
(68) I

F®)(z) = (=1)k 1. /OO thepu(dt) fork>2, ke N.
0

Lemma H.2 below gives useful representations of the objective F(3;Q).
We defer the proof of Lemma H.2 in Section H.4.

LEMMA H.2. Assume Assumption (A1). Then, for some non-negative
measure j1 on (0,00) with u(Ry) > 0, we have the representations:

(69) F(B;Q) = F1(8;Q) + F2(5;Q)
where F1(5;Q) and F5(8;Q) are defined by
Fi(8;Q) = f/(o0) - B [||X = X2 ]

qoy B =~ [Eaw [V ua
= [[160t) = 6r(t) - T] Qoo omar).
k=1

In above, the measure p also satisfies

£@)= 7o)+ [ te = p(an
(71) oo
F®) () = (—1)kL. / et () for k> 2, k € N.

0

In addition, we have for 8 € RE and j € [p],

0 0 0
— _F(B: - —_ F . —F .
where we have
iﬂ(ﬁ;@) = f'(c0) - Ep_w [|X; — X;|%]
0B;
and we have for all § € RE.

9 e
afﬁsz(ﬁ;Q) = /EBW [ﬂXj — XjJre X H”} p(dt)
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and for § € RE with 8; > 0,

0 0
55 (5 0) = / / [Go(te) — (1) 2 ]};[jc;ﬁk () Qo (y)don ()

Lemma H.3 below essentially says that at any fixed § € ]Rﬁ_, throwing
away noise variables (by setting the coordinates on S¢ to be 0) increases the
objective value. We defer the proof of Lemma H.3 into Section H.5.

LeMMA H.3.  Let Assumption (A1) hold. Assume f'(c0) = 0. Let f € R,
and define B to be the vector such that Bs = Bs and Bge = 0. Then we have

F(3;Q) > F(B;Q).

H.3. Proof of Lemma H.1. As f’ is strictly completely monotone,
Bernstein’s theorem for completely monotone functions [11] shows that f
admits the Lévy—Khintchine representation

(72) flz)=a+cx— /OOO e " u(dt).

where ¢ > 0 and p is a non-negative finite measure on [0, 0o) with p ((0, 00)) >
0, fooo (tA1)p(dt) < oo. Applying dominated convergence theorem, we obtain

(73) fl(z)=c+ /000 te” " p(dt).

Again, by dominated convergence theorem, we derive f’(c0) = c¢. Substi-
tuting it back into equation (72) gives the desired equation (67). Applying
dominated convergence theorem to equation (67) yields equation (68).

H.4. Proof of Lemma H.2. By Lemma H.1, we have for some scalar
a € R and non-negative finite measure p on [0, c0) satisfying pu(R) > 0,

f(x)=a+ f'(0)x — /000 e p(dt).
As a result, we obtain the identity
FUX =X[l7 ) = a+ £(e0) [ X = X735 - /000 eI o dp(t)
and therefore, Fubini’s theorem yields F'(3; Q) = F1(8;Q) + F5(8; Q) where
Fi(8;Q) = f'(0) - Ep-w [[|X = X'[2 ]

(74) R(5:@) = = [ Epow [0 due),
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Now, we prove the second expression of F»(3;Q), i.e., the last identity in
equation (70). To do so, we use the fact that the Fourier transform of the
Laplace function is Cauchy density (for ¢ = 1), and the Fourier transform
of the Gaussian density function is still the Gaussian density function (for
g = 2). This gives for ¢ € {1,2}

p
(75) e X=Xl — /Rd e XX T Qg (wy)dw
j=1

where we recall Qg is the Cauchy density with scale 3. Substituting equa-
tion (75) into equation (74), we obtain

[es) p
F(p;Q) = / Ep_w /Rd w.X=X') HQﬁ] wj)dw | du(t)

//RdEBW ““”“}f[ ,(wp)dwdpa(t),

where the second identity follows from Fubini’s theorem. Now that X, X’ are
independent copies, and recall we use @@y and Q; to denote the conditional
distribution X|Y = 0 and X|Y" = 1.Therefore,

Ep_uw [efit@.z,XfX’)}
= [T Qulde) — @u(dn)) (Qulde') ~ Qu(da))
2

__ % ‘ / e ) (dQo(x) — dQu ()| = —% o (tw) — g1 (tw) [

Substituting equation (77) into equation (76) yields the second expression in
equation (70) as desired. Up to here, we have proved equations (69) and (70).

Finally, using dominated convergence theorem, it is easy to show that the
expressions on the gradients of F'(3; Q). We omit the details.

H.5. Proof of Lemma H.3. Lemma H.2 shows that for some nonneg-
ative finite measure p with p(Ry) > 0, we have the representation

(78) F(B:Q) = - [ Baow [ 15 7Y10s] (a)
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Recall Xg L Xge | Y (since Xg L Xge and Y | X =Y | Xgc). Hence

_ /4
Ep_ [e X Xuq,ﬁ]

CEpw _gitHXSiXéHZ,BS ' e_tHXSC_XZ@CHZ,Bg}

[ —tl|lxe—x|9 —t||Xge—
B [E[ P |y ] g
- /RIE] _ c— ’ q
— EB*W et||XSXS|q,@S:| -E |:€ t”XS XSCHq,ﬁ§:| .
Substituting the expression into equation (78), we obtain

—t]|Xge—XLel| L. . _X!
F(3:Q) = —/]E [e t[|Xs s ||1,55] Ep_w [e t]| Xs XS||1,,6’S:| p(dt)

< —/IEB_W [etHXsX’sHl,ﬁs] p(dt) = F(B;Q).

q
sy

This proves the desired Lemma H.3.

APPENDIX I: PROPERTIES OF THE OBJECTIVE F(8;Q)—THE ¢,
CASE

The result of this section only applies to the objective F'(3; Q) when q = 1.
We recall the definition of F'(8;Q):

F(3;,Q) =Ep_w [f( X - X/HLB)] =Ep-w [f({8,d))].
The section assumes Q is balanced: Q(Y = 0) = Q(Y =1) = 3.

I.1. Notation. The notation of this section follows the notation in Sec-
tion H. Let Qp and Q1 denote the conditional distribution of X given Y =0
and Y = 1. Write

do(w) =Fo || and g1 (w) =By [0
We use (g to denote the Cauchy density with scale (:

1 B
Tw?+ (2

For any subset A C [p|, we introduce (with notation abuse)

Fa(B4;Q) = Ep-w [f( 14 = Xl 5, )} ‘

Qpw) =

¢o.a(wa) = Eo [€i<wA’XA>] and ¢1,a(wa) = Eq [e“”f"XA)} :
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I.2. Main Result. Lemma I.1 below shows F(5;Q) satisfies a self-
bounding property. We defer the proof of Lemma I.1 in Section I.3.

LEMMA 1.1.  Let Assumption (A1) hold. Then F(5;Q) satisfies a self-
bounding property: for any 3, 3" € RP such that 0 < B; < B; for all j € [p],

P
8
(79) F(3Q) > F(8:Q) - [ (53 .
Jj=1 J
Lemma 1.2 below studies the derivative of F'(3; Q) when the signal is a
pure interaction. We defer the proof of Lemma 1.2 in Section [.4.

LEMMA 1.2, Let Assumption (A1) hold. Assume that | X, < M almost
surely under Q for some M < co. Assume the signal is a pure interaction:
Xa LY for any strict subset A C S. Then, for any f € B and any signal
variable j € S

0 1
(80) %F(ﬁ;@) =3

where the remainder term R((; Q) satisfies

- F(B;Q) — R(6;Q),

0< R(B;Q) < - (8M)SHL. 1S (0) - TT By

keS

Lemma 1.3 below provides a lower bound of F'(8;P) using Fs(8s;P). To
better appreciate Lemma 1.3, the reader should compare it with Lemma H.3
where we derive an upper bound of F(;P) using Fs(8g;P) for all § € RE.
We defer the proof of Lemma 1.3 into Section 1.5.

LEMMA L.3.  Let Assumption (A1) hold. Assume that || X |, < M almost
surely under Q for some M < oo. Then, for any B € B:

|f151(2Mb)|
|£151(0)]

Lemma 1.4 below derives a lower bound for the derivative of F(5;Q)—
this lower bound is particularly useful in the study of hierarchical interaction
recovery (it is one of the key lemma that gives the signal term). We provide
the proof of Lemma 1.4 into Section 1.6.

(81) F(B;Q) = - Fs(Bs; Q).
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LEMMA 1.4.  Assume Assumption (A1). Assume Y L X4 for some A C
[p]. For any [ such that supp(5) C A, and variable j € A°, we have

0 1
T@F(B;Q) > ;-F(BT;Q),

where B, is the following vector that differs from B only at coordinate j:
T ifi=7
(57)@ = o .
Bi ifi# ]

1.3. Proof of Lemma I.1. Lemma H.2 shows the existence of a non-
negative measure y on [0, 00) such that F(3; Q) = F1(8; Q)+ F»(8; Q) where

(52)
Fi(8:Q) = 1'(00) - B [||X - X’Hm]

REo - [ ‘ [ ten@rta) - an

Now we show both F}(8;Q) and F»(3; Q) satisfy the self bounding property.
Showing that F;(8;Q) satisfies the self-bounding property is simple. A
direct computation gives for any vector 8,8 € RY with 0 < j; < B;

(83) F(B;Q) > F1(8;Q) - H( )

HQBJ (wj) dwdp(t).

Showing that Fy(3; Q) satisfies the self-bounding property requires a little
bit more thinking. The key observation is that § — Qg(w) satisfies a self-
bounding property: for any scalars 3, 8’ with g < 3/,

Q=1L 1 P o)

;w2+52 = ;wz_i_(/@u)Q
Hence, for any vectors 3, 5’ € RP with 0 < f3; < ﬁ;,

J]_[ng]w]zli[ /(w5) f[( )

Jj=1

5

As such, we see from equation (82) that Fy(3; Q) must satisfy

Fy(8;Q) = F. H ( )

J=1

for any vectors 3, 3" € RP satisfying 0 < 8; < 8. This completes the proof.
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I.4. Proof of Lemma 1.2. Lemma H.2 shows the existence of a non-
negative measure y on [0, 00) such that F(3; Q) = F1(8; Q)+ F»(8; Q) where

(84)
F(B;Q) = f'(00) Ep-w {HX *X/Hl,ﬁ] '

F(3;Q) = / / ‘ / e M) (dPy(z) — dPy (z

Below we show that for any signal variable j € S, we have

HQ@ wj) dwdp(t).

0
53, F1(5:Q) = @ Fi(3:Q).
(85) 685] F(3;,Q) = B—jFQ(ﬁ .Q) — R(;Q)
where R(3;Q) < - |f(|5|+1)(0)‘ . (8M)‘S‘+1 _ H B,.

keS

Equation (85) in conjunction with the identity F'(8; Q) = F1(8; Q)+ F2(5; Q)
immediately yield the desired Lemma I.2.

Now we prove equation (85) holds for any signal variable j € S. First of
all, we can easily derive the first identity of equation (85). Indeed, for j € S

0
(86) a5, Fi(3;Q) = 5, F1(5 Q).
To see this, recall our assumption that Xg is a pure interaction. Hence, in
the case where |S| > 2, F1(8;Q) = 0 since X; L Y for any i € [p], for which
equation (86) trivially follows. Similarly, in the case where |S| = 1, F1(5; Q)
is a linear function of 3;, and hence equation (86) trivially holds.
Next, we show that for any j € S,

in(ﬁ;Q) = i,Fz(ﬁ;@) - R(;Q)
(87) 06, Bi
where R(3;Q) < - |f(|5|+1)(0)‘ ) (8M)\S\+1 . H Be.

kesS

The proof of this part is non-trivial. To start with, Lemma H.2 gives the
expression for the gradient of F5(8; Q): for any 8 € RE with 3; > 0, we have

(88)
9

55 Pa(BiQ) = [ [ n(t) - ent)l®

a5, Q) - [T Qs () deon(an).

98 k#j
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Since Qp(w) = ﬁ is the Cauchy density function, a simple calculation
gives for any scalar 8 > 0, w > 0 the identity below:

0 1
%QB(W) =3 Qp(w) — 7 QF(w).
Substitute it into equation (88). We obtain for all 5 with 8; > 0,
(89)
0 1
%FQ(BQQ) =3 Fy(B;Q) — R(B; Q)
where R(5:Q) =+ [ [ on(t) = 01(t) - @3, () - [] Qs (wn )

oy
Now we upper bound R(f;Q). Lemma 1.5 bounds |¢pg(w) — ¢1(w)].

LEMMA L.5.  Under the assumption of Lemma 1.2, we have for all w,

[bo(w) = $1(w)] < 2 [ (IMwj A 2)

jes

Lemma L5 shows |¢o(tw) — ¢1(tw)| < 2-][;cq (tM|w;| A 2) for any t > 0.
As a result, we obtain that

(90)

/ fo(tw) — on () 2+ Q2 (wy) - [[ @, (w5
k#j

<2 [ [T (Mlonl n2?- Q5 w5) - T] @, )

kes k#j

=2'/@”—’\%!/\2)2'Q%j(wj)dwj' II /(tM|Wk\/\2)2‘QBk(wk)de7

kj,keS

Lemma I.6 upper bounds the integrals. We defer its proof to Section 1.8.

LEMMA 1.6.  We have for any a, 8 > 0,
/(a 0] A 2)? - Qs(w)dew < 80,
/(a lw| A2)%- Q%(w)dw < 402p.
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We apply Lemma 1.6 to equation (90), and we derive
[ 160(60) = o106 - @3 ) - T] @ ) < (5120 T i
k#j kes
Substituting the above bound into equation (89), we obtain that
(o1) R(5:@) < 7 (83) T B [ 65 auco)
keS

Now that Lemma H.2 shows [ t*dpu(t) = (—1)*=1 f(¥)(0) for all k > 2. Thus

R(B;Q) < - [f1SHD )] - (83) - T B

keS

1.5. Proof of Lemma 1.3. Lemma H.2 shows the existence of a non-
negative measure y on [0, 00) such that F(3; Q) = F1(8; Q)+ F»(8; Q) where

Fi(5:Q) = f/(o0) - Enow [|[X - X', ;]
(92) .0) — _ —t|X=X"]l,
B(3;Q) =~ [ Epow |e 5] ().
Now it suffices to show that both F(5; Q) and F5(5; Q) satisfy the bound:

|f151(2Mb)]
|f151(0)]

In above, the definition of F; g(8s; Q) is analogous to that of Fs(8s;Q):

(93) Fi(6;Q) = F5(Bs;Q) fori=1,2.

Fi,5(3Q) = f(00) - Epw ||| Xs = X5|, 5, ] -

ngs(ﬁ;(@) = _/EB—W [etHXSX/SHl,gS] /L(Clt).

Showing that Fj(8;Q) satisfies equation (93) is simple. A direct compu-
tation shows that for any g8 € Rﬁ:

|f1¥(201b)]

(94) F1(8;Q) > F1,5(8s;Q) > 17157(0)]

- F1 5(85; Q).
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Showing that F»(f3;Q) satisfies equation (93) requires a little bit more
thinking. We start with the following identity

_ _ /
Ep_w [6 tIxX-x Hl,ﬁ]

— Ep_y e—t”Xs—XgHLBS .e—tHXsc—chHl,ﬁg]

[ = —X! —t||Xge—X
:]EB_W ]E[e tHXS XSHL,BS ‘Y,Y/j| E|:€ ” S

éc,’1,@g | Y. Y,:|:|
)
‘etnxsxgulﬁs} E [e—tnxSc—xgcuwg} |

=Ep-w

where in the second identity, we use the fact that Xg L Xge | ¥V (since
Xs L XgeandY | X =Y | Xgc), and in the last identity, we use the fact
that Xge L Y. Substituting the expression into equation (92), we obtain

(95) Fg(ﬂ7(@) _ /E |:et||XscXécH1,Bg] ‘Ep_w I:e—tHXs—XlsHl,ﬁs] M(dt>

Below we show how equation (95) implies that F»(5; Q) satisfies the equa-
tion (93). The key is to decouple the two integrands in equation (95) using the
following covariance inequality: for any function g;, g2 that is monotonically
decreasing, and any non-negative measure i, we have

/ g1 (D)g2()(dt) > ‘;‘ / g1 (t)f(dr) / ga(t)(dt)

We apply the covariance inequality to appropriately chosen functions g1, g2
and measure fi. We first choose the function gi(t) to be

—t|| Xge—XLel .o
(96) gi(t) =E [e | %se - HLBS} )

It is clear that ¢t — g1(¢) is monotonically decreasing. Next we introduce
g2(t). By Lemma H.2, we have the identity

~Ep_w [e_tHXS_X/SHwS] = / 60,5 (tws) — d1,5(tws)|* - ] Qa, (wr)dws

kesS

= / 0,5 (ws) — p1,5(ws)|* - H Q1. (wi)dwg.

kesS

where the second identity follows from the change of variables. Let go(t) be

2:0) = [ lons(ws) ~ orsts) - TT (5 - Qunnlon) s

kesS
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Then t — go(t) is monotonically decreasing since t — %-Qtﬁ (w) =
is monotonically decreasing. In addition, we have the identity

1.__B__
T w?+t2[2

(97) CEp_w |:e—tHXs—X/S‘1,5S:| _ t‘S|92(t).

Finally, we choose the non-negative measure i by dii = t5ldu. Now, we
apply the covariance inequality to the functions g1, g and the measure fi,
and since equations (95), (96) and (97), we obtain

(98)  Fy(B:Q) = / a1 (B)ga(D)idt) > ,;, / a1 (B)f(dt) - / ga(t)f(dt).

Now we evaluate the terms on the RHS. First, by Lemma H.2, we have

(99) Al = / 1150 u(dt) = | £151(0))

Next, we have the lower bound

[ontotan = [ [e-tHXs—X'sHl,ﬁs] 1151 1(dt)

(100)
—E | /(|| Xs = X5, 5, )| = 1£¥2Mv)],

where the second step uses Lemma H.2, and the last step utilizes the fact
that f is strictly completely monotone, and that || Xs — Xgl|, 5. < 2Mb
since B € B. Finally, we have the identity

/ aa(t)i(dt) = / 1151 g5 (1) ()

(101) /
_ —/EB_W [e—tHXs—XS”LﬁS] ,u(dt) — FQ,S(,B,S‘;Q)-

Substituting equations (99), (100) and (101) into equation (98) yields

|/191(200)|
|1510)]

This proves that Fy(3; Q) satisfies the equation (93). The proof of Lemma 1.3
is thus complete.

F)(8;Q) > - F3 5(Bs; Q).
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1.6. Proof of Lemma 1.4. The proof starts from the identity:

ip(/g; Q) = lim © - (F(3:Q) - F(5:Q).

102
(102) 0B; e—0+ €

Now we evaluate the RHS. First, since supp(8) C A and Y L X4, we have
(103)

F(3;Q) =Ep_w [f(HX - X/HLB)} =Ep_w [f(HXA - X,/4H1,5A)] =0
Next, Lemma 1.1 shows when 0 < & < 7,

(104) F(B:Q) > = - F(8; Q).

REEY

Substitute equations (103) and (104) into equation (102). We obtain

0 1
afﬁjF(ﬁ;Q) > ;-F(ﬁf;@)-

1.7. Proof of Lemma I.5. Note that ¥ L Xgc and Xg 1 Xge | YV
(since Xg L Xge and Y | X =Y | Xg by assumption). Hence, we have

(105)
|bo(w) — d1(w)] = (Eoewm _ Elez’<w,x>‘

— ‘E€i<WSC7XSC> . (]E’O _ ]El)ei<ws,Xs)

< )(Eo — Ey)etwsXs)| |
Now, we bound the RHS. The key idea is the identity below:

eHws, Xs) =R(X;w) + Z (,1)\S—A\—16i<wA,XA)
ACS
where R(X;w) = H (e Xi —1).
jeS

(106)

The identity is obtained by simply multiplying out the terms in R (X;w).
By assumption, X 4 has the same distribution under Py and P; whenever
A C S. So we have for A C S,

(107) Eo [ei(WA,XA>] =E; [ei<WA7XA):| )
Now, in view of Eq (106) and Eq (107), we have the identity:

(108)  E, [e“wS’XSq _E [e“wS»XSq = Eo [R(X;w)] — E; [R(X;w)],
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i.e. all terms of the form e*“4:X4) cancel in the difference for A C S. Now,
note the following elementary inequality that holds for any x € R,

e — 1| < |z| A 2.
Since | X|s < M by assumption, we have for all w,

(109) |R(X;w)| < [T (lw; X5l A 2) < TT(IMwj| A2).
jes =

As a direct consequence of equations (105), (108) and (109), we obtain

[P0(w) = ¢1(w)] < [Eo[R(X;w)] — E1[R(X;0)]| < 2 [[(1Mwyl A 2).
JjeS

This completes the proof of Lemma [.5.

1.8. Proof of Lemma 1.6. First, we prove the first inequality.

[@leln 22 Qutwids =2 [ (alul A 22 Qute)d
0

110 22/2/aa2w2'ﬁdw+8/m P
(110) 0 B2 f w2 2/a52+W2
2/« © 3
< 2/ o?B dw+ 8 —dw = 8ap.
0 2/a W

Next, we prove the second inequality. Note
2. 2 > 2 12
/(a W[ A2)? - Q3(w)dw =2 /0 (o o] A 2)% - Q3 (w)dw

B ﬁQ 00 62
i) =2 ot e [t o s

B 0o 22
< 2/ odw + 2a2/ —dw = 4028.
0 g w
This completes the proof of Lemma L.6.

APPENDIX J: UNIFORM CONVERGENCE RESULTS

J.1. Main Results. In this section, we study the uniform convergence
of the empirical objective F'(/3;Qy,) to population objective F'(8;Q) over the
constraint set 8 € B, where we recall the definition B = {8 € RY : [|B]l; < b}.
Here we restrict Q to be a reweighting distribution, i.e., Q = Q" for some
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nonnegative weight function w, where formally QY is defined as the unique
probability measure that satisfies dQ"(z,y) < dP(x,y) w(x,y). It is helpful
for the reader to keep in mind, for the purpose of studying metric learn-
ing algorithm, the underlying distribution Q of interest is the reweighting
distribution Q = Q4 (= Q¥4) where A C [p].

The rest of the section is organized as follows.

o We start with a general result (Proposition 5) that establishes the
uniform convergence of F(3;Q,) to F(8;Q) for a generic reweighting
distribution Q@ = Q" that satisfies the assumption Q (see below for
the definition of assumption Q). We wish that assumption Q clarifies
the essential property for the distribution Q to satisfy the uniform
convergence guarantee.

e We next show in Proposition 6 that any reweighting distribution Q =
QA where A C [p] satisfies the assumption Q.

e Finally, we combine the above results to establish the uniform conver-
gence of F($;Q,) to F(B;Q) for any reweighting distribution Q = Q4.

Here is the abstract assumption on the reweighting distribution Q that we
need in order to establish the uniform convergence result.

ASSUMPTION Q. Let Q = QY be the (reweighting) distribution associated
with some weight function w(z,y). Assume the weight function w satisfies

o The weight function is bounded: 0 < w(X,Y) <1 under P.
o The class label is balanced after reweighting:

e For some constant o > 0, we have that

Ep[w(X,Y)w(X' Y")] > 02
Ew [w(X,Y)w(X', Y] > 0°.

Here the expectation E is taken under measure P.

Notation. We wish to emphasize that throughout the section, the notation
E always stands for the expectation under the common probability measure
P (and not under the probability measure Q!). The reason is that we wish
to state and prove our results under a common measure P so that we can
easily relate results for different measures Q’,Q”,.... The way to denote the
expectation under a reweighting disribution Q = QY is to use the notation
EY, where w is the weight function associated with Q.



46 LIU AND RUAN

Proposition 5 is the main result of the section, which establishes a uniform
convergence result for a generic distribution Q satisfying assumption Q.

PROPOSITION 5.  Assume Assumptions (A1)-(A2). Then we have for
some constant C > 0 that depends only on b, M, o, f(0), f'(0), f”(0) such
that for any probability distribution Q satisfying Assumption @), we have

2 —no?/32

1. For any t > 0, with probability at least 1 —p~t —e under P,

sup [F(B; Qn) — F(B:Q)| < C -1/ %8P . (1 44).

BeB n
2. For any t > 0, with probability at least 1 — p_t2 — e "9*/32 ypder P,
0 0 log p
sup sup FB;QH—FB;Q'SC‘ —= - (1+41).
Sup b | 95, (8;Qn) 95, (8;Q) - (1+1)

Proposition 5 provides a uniform convergence result for a generic reweight-
ing distribution Q that satisfies Assumption Q. Below we study the uniform
convergence for some specific choices of Q. For any subset A C [p], recall the
reweighing distribution Q4 where dQ*(z,y) o< dP(z,y)-wa(z,y) and where
the weighting function w4 is defined by

wa(z,y) =1-PY =y | Xa=2z4).

Proposition 6 shows that the reweighting distribution Q4 satisfies Assump-
tion Q under Assumption (A3). We defer the proof to Section J.3.

PROPOSITION 6. Assume Assumption (A3). Then for any set A C [p],
the reweighting function wa (z,y) =1 —P(Y = y| X4 = z) satisfies

1. The weight function is bounded: 0 < wa(X,Y) <1 under P.
2. The class label is balanced after reweighting:

QY Y =0)=QM(Y =1)
3. For the constant ¢ > 0 in the statement of Assumption (A3), we have

Ep [wa (X,Y)wa (X', Y]

(112) Euy [wa (X, Y)wa (X', 7))

> 0%
> 0%

In above, the expectation E is taken under the probability measure P.
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Proposition 5 and Proposition 6 immediately yield Corollary J.1 below.

COROLLARY J.1.  Assume Assumptions (A1)-(A3). There exists a con-
stant C > 0 that depends only on b, M, o, (0), f'(0), f”(0) such that for any
subset A C [p], we have
—t2 _ e—n92/32

1. For any t > 0, with probability at least 1 — p under P,

sup |F(3; Q) — F(8:;0%)] < 0/ 222 . (1 4-4).
pBeEB n

—t2 e—n92/32

under P,

@.(Ht).

J.2. Proof of Proposition 5. Let Q be any probability measure that
satisfies Assumption Q. Let w(z,y) %(m,y) denote the weight function
associated with Q so that Q = Q% and that weight function w satisfies the
conditions in the Assumption Q.

To start with, we compute

2. For any t > 0, with probability at least 1 — p

a0 A
F(B:Q) - 55 FBQY)| <

sup sup
j€[p] BEB aﬁ]

IF(8:Qa) = F(8:Q)] = |(E2 s_w — E5_w)[F((8. Q)]

\a‘; (8:Qn) - 55, F(5s @)] B2 5w — B w)ld; - £/(48, )]

By triangle inequality, we obtain

|F (B'@n)* F(B; Q)| < &nB(B) +énw(B)

T R0 - B G < ) + s
where we define the empirical deviations
e0n(8) = | (B2 5 — EB)/(8,))]
Eaw (8) = | (B — E)LF((8, Q)]
(114)
e (8) = | (B 5 — B [ -  ((8,4))] |
e (8) = (B2 —B) [d; - £ (48, 4))])
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Following equation (113), the key to the proof is to provide high proba-
bility upper bounds onto the following (random) quantities

sup&n,5(3), supénw(B), supsupenp;(3), supsupenw,;(f).
geB BeB j€lp] BeB j€lp] BeEB

Lemma J.1 does this technical work, whose proof, which is based on the
empirical process theory, is deferred to Section J.2.1.
LEMMA J.1.  Assume Assumptions (A1)-(A2). Assume w(z,y) satisfies

o The weight function is 0 < w(X,Y) < 1.
e For some constant o > 0, we have that

EB[w(Xv Y)w(Xla Y/)]
]EW[w(Xa Y)U)(X/7 Y/)]
Let g, h be two functions that satisfy

e x> g(x) is Lipschitz with Lipschitz constant L.
o x> |g(x)| is upper bounded by G for all x € [0,2MD].
e =+ |h(x)| is upper bounded by H for all x € [0, M].

Consider the two random functions:
v (8) = |(Exw — Eif) l9((8, ) - h(d))]
br,5(8) = | (Bl — EH) [9((8,d) - h(d)]|

There exists some constant C > 0 that depends only on G, H,L,b, M, ¢ such
that we have with probability at least 1 — p_t2 — 6_”92/32,

(115)

(116)  sup (G (8) + duws (8)) < O[22 (140).

BeB

We apply Lemma J.1 to two specific groups of choice of (g, h).

e We first specify g(x) = f(x) and h(z) = 1. Note that f is f/(0) Lips-
chitz since f’ is completely monotone. Lemma J.1 implies with proba-
bility at least 1 — p~t" — e=¢*/32 ynder P,

sup (&8 (8) + énw (8)) < C - logp
BeB n

(1+41),

where C' > 0 is a constant that depends only on b, M, g, f(0), f'(0).
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e We next specify g(z) = f'(z) and h(z) = z. Note that f’ is |f”(0)]
Lipschitz since f’ is completely monotone. Lemma J.1 implies with
-t _ 6—n92/32

probability at least 1 — p under P,

sup s (£ (8) + 2wy (8)) < O/ 22 (1 44).

Jj€lpl PEB

where C' > 0 is a constant that depends only on b, M, o, f'(0), f”(0).

Proposition 5 now follows straightforwardly from the previous discussions.

J.2.1. Proof of Lemma J.1. For simplicity, we slightly modify the defini-
tion of the empirical average E} 5 and E7y;, in the proof below. Concretely,
we define for any function h(x,2’,y, )

(117)

Zz;ﬁz’ 'LU(X“ }/Z)w(Xlla }/Z/)h(Xl; X’i/7 }/Za }/Z/)]-YZ#YZ/
D iz WX, Yi)w(Xy, Yir) Ly, 2y,

En,W VL(X’ X/’ Y’ Y/)] = Zz;ﬁz’ w(XZ7 Yb)w(X”Lla K')h(Xu Xi’? Yia K')IYZZYZ/ .

> iz WX, Yi)w(Xy, Vi) y,—y,

Enplh(X, XY, Y")] =

The only difference between the new definition above and the original defi-
nition in the main text is that, while the original definition sums over all
possible tuples (i,4') on the RHS where 1 < i,i < n, the new defini-
tion only sums over all possible distinct tuple (i,i") where 1 < i,i’ < n
and i # i’. One important claim is that such modification doesn’t change
qualitatively the uniform convergence result (and it can only change the
numerical constants in the high probability bound). The reason why this
is true is largely due to the fact that the weight w(z,y) and the function
h(z,2',y,y") = g((B,d)) - h(d;) of interest is bounded—0 < w(z,y) < 1
and |h(z,2',y,y")] < GH by assumption—so summing over all tuples (i)
versus summing over all distinct tuples (4,4") do not make a real difference.
The formal proof of this claim is tedious (simple, lengthy, but not insightful)
and thus omitted.
In the proof below, we will work under this definition of Ew n.B and ]E

and still the random quantities of interest are defined by

vy (8) = |(Exw — E) l9((8.)) - h(d))]|

(118)
bn,4(8) = | Bl — B [9((8,)) - ()]
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We prove for any fixed j € [p], with probability at least 1 — ptt — e~ne?/32,
lo
(119) sup 0,.5,5(8) < C -\ 22 - (1+1),
pseB n

holds for some large constant C' > 0 depending on G, H, L, b, M, 0. An analo-
gous high probability bound also holds for &, w,;(3). Together, with a union
bound, this proves Lemma J.1 as desired.

Now we show equation (119) holds with probability at least 1 — p_t2 -
e m@*/32_ Fix j € [p]. We introduce notational shorthand to simplify the
proof below. We use Z; = (X;,Y;) to denote the i.i.d data pair. Introduce

ra(zi, %) = g ((8,d)) - h(d;)
w(zi, 2;) = Ly,y, w(zi)w(zy)
qﬁ(ziazz{) = (Z% z)w(zla z)

where w(z;) is the weight. Let [,, denote the empirical average over all the
n(n — 1) distinct tuples (i1,42). By definition of E) 5, EB,

Balas(: )] g Elas(e )
Fofwie, o T Eelhe= =g, o)

EY plhs(z,2)] =

Hence, we have the identity

Enlgs(z,2)] _ Elgp(z,2)]

(120) sup on,B,; () = sup E,[w(z,2)] Elw(z2')]

BeB BeB

Now we use the elementary inequality: for a,a’,b, b’ € R,

b v

a ad

1

= ad’|

(la —d||t'] + b = ¥'l|a"])

Applying this inequality to equation (120), we obtain the bound

(121) sup 5n,B,j(/B) Fi (Al n + AQ n)
peB
where
r, = An[w(z,z/)] ‘Elw(z, 2')]
At = Elw(z,2')] - sup | (B — B)lgs (2, 2)]
BeB

Aoy = |(Ey — E)w(z, z/)]‘ : ZEEE[%(Z’ 2]
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To obtain high probability upper bound on supgeg dn,5,;(8), it suffices to
derive a high probability lower bound on I',, and upper bound on Ay ,,, Ag .
The following three technical lemma are useful towards this end.

LEMMA J.2. We have with probability at least 1 — e~ 4%,

(B~ B)u(z, 2] < 1

n

PrROOF. Note that the weights 0 < w < 1 by assumption. The lemma is a
consequence of Hoeffding’s inequality for U-statistics (see Lemma O.1). O
LEMMA J.3. We have with probability at least 1 — e~ ne*/32;

- 1
Bafu(z,2)] > se

PROOF. By assumption, 0 < w < 1 and E[w(z, 2’)] > o. The lemma is a
consequence of Bernstein’s inequality for U-statistics (see Lemma O.1). [O

LEMMA J.4. For any 8 € B, we have

sup qg(z,z')| < GH.

z,2!

PROOF. Assumption (A2) gives 0 < d; < 2M for all j € [p], and moreover
gives 0 < (B,d) < 2Mb for all B € B by Holder’s inequality. Assumption Q
gives 0 < w < 1. Thus, we have for all g € B,

sup |gs(z, 2')| < GH.
2,z
This completes the proof of Lemma J.4. O
LEMMA J.5. We have with probability at least 1 — jrft2 :

log p
n

A

sup| (B, — E)lgs(=, )| < €
peB

(1 41).
In above C is a constant depending only on b, M, L,G, H.

We provide the proof of Lemma J.5 into Section J.2.2.
Now we give high probability upper bound on supgcp on,B,; (B) using equa-
tion (121). By Lemma J.2, Lemma J.4 and Lemma J.5, the bound below

1 1
Ap <C 2L 40, Ay, <Oy 222
n mn
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holds with probability at least 1 — 2p‘t2, where C' > 0 is some constant
depending only on b, M, L,G, H. Recall Assumption Q: E[w(z, 2')] > o°.
Thus Lemma J.3 further implies

L, > Elw(z, 2] EyJw(z, 2')] > =o*

0.

DN =

with probability at least 1— e~12?/32_ Qubstitute the high probability bounds
into equation (121). We get with probability at least 1 — 2;0_t2 — e ne*/32,

1
sup 0p,B,;(8) < C -4/ o8P (1+1).
BeB n

where C' > 0 is a constant that depends on b, M, o, L, G, H. This completes
the proof of Lemma J.1.

J.2.2. Proof of Lemma J.5. Let’s denote the random variable

W = sup| (En - E)lgs(z 2)]|.
BeB
We view W = W (Z1.,) as a function of the i.i.d data pair Z; = (X;,Y;).
Lemma J.4 implies that this function is of bounded difference with bound
2GH/n, i.e., for any Zy., and Z1,, differing in only one coordinate,
2GH
‘W(Zln) - W(Zin)‘ < :

oon

Thus, McDiarmid’s bounded difference inequality [9] gives

logp
n

(122) W < E[W]+ 2GH - t

holds with probability at least 1 — p_tQ.

Now, we bound E[I¥]. On a high level, our idea works as follows: viewing
W as the suprema of some empirical process, we symmetrize W and bound
the resulting Rademacher complexity with the Ledoux-Talagrand contraction
inequality [6]. Formally, we decompose

q3(z,2") = ¢ ((5,d>,z,z') +¢ (z,z') ,

where (z,2') = ¢(z,2') and (u, 2, 2') — ¢(u, 2, 2’) are defined by
"9

(0) - h(d;)
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We emphasize that the definition of the two functions ¢ and ¢ are indepen-
dent of 8 € B. By triangle inequality, we can upper bound

(123) E[W] < E[W;] + E[W>]
where Wi and W5 are the supremum of some empirical process:

Wi = |(E, —E)[¢(z,7)]| and W= sup (E, — E)[o((8,d), 2, 2")]] .
Below we bound E[WW;] and E[W3] separately. Our major technique is to use
symmetrization argument followed by Hoeffding [5] and Ledoux-Talagrand
contraction inequality [6]. As both W} and Wy involve averages of dependent
random variables, standard symmetrization argument does not immediately
apply, for which reason we adapt a decoupling technique that is due to Ho-
effding [5] to overcome this technical difficulty. We introduce the notation.

e Let 0, be independent Rademacher random variables.

o Let ¢y = ¢ (2, 2) and ¢ iy (u) = ¢ (u, 2i, 27).

o Let 7 ={(4,7) | i #4,1<4,i <n}. Asimple combinatorial argument
shows that we can decompose Z = U][:le where I <n, |Z;| > [%], and
where for any two different tuples (i1,142), (i3,44) € Z; where j € [I],
we have iy # i; for 1 < k <1 < 4. For each j € [I], let En,j denote the
empirical average over the distinct tuples (i1, i2) € Z;.

Part 1: Bound on E[W1]. AsZ = U]I-ZIIJ-, we have by triangle inequality

(124)
I
B[] < 7 S B [|(Eny - B, 2] < macE | (&, - E)[6(z 2]
j=1

Now for each j € [I], E, j[¢(z,2')] is the average of independent random
variables. Invoking the standard symmetrization argument, we obtain

1 _
(125) EW1] < 2maxE < E, [ E o it | Z]
€z,

Note then sup, s |¢;7| < GH since we have by assumption 0 < w(z,2') <
1, [g(0)] < G and supgepo ) |M(z)| < H. As {0y }izi are independent 1-
subgaussian random variables, we obtain the bound for all j:

\Z}SGH- 1§2GH-\/T.
|Z;] n

1 _
020 || E o
1zl =
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Substituting equation (126) into equation (125) yields the final bound

(127) E[W:] < 4GH - \[

Part 2: Bound on E[W3]. Similar to equation (124), we have

E[W,) < maxsup‘(E J—E)s((8,d),z )|
Jjell] peB

Now for each j € I, I@lnyj [0({B,d), z, 2")] is the average of independent random
variables. Invoking the standard symmetrization argument, we obtain

Z gy - Qi ((B,d)) “Z

4 )ETL;

(128) E[W;] < 2maxE < E, |sup
jel] seB || j’

The inner expectation is over o; ;» with the data Z (all data z;) fixed while
the outer expectation is over Z. Now for any fixed z;, 2., since we have

d
7¢(u7 Zis Z;)

‘du = ‘w(zl-, 21) - h(d;) -g'(u)| < LH.

the mapping u — ¢; (-, 2;, z) is Lipschitz with constant LH. Note further
that ¢; (0, z;, z;) = 0. Hence, conditional on d, we may apply the Ledoux-
Talagrand contraction [6] inequality to obtain the following upper bound

E, [sup
BeB

ﬁ Z oy i ((B,d)) '\Z

(129) et

<2LH -E, |sup
BeB

L PRATT 1z

To further bound the RHS, we notice the two key facts

° {Ui,i/}i#/ are mutually independent 1-subgaussian random variables.
e The /o bound on ||d|| ., £ M which is due to Assumption (A2).
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Using the above facts, we can easily obtain the further bound

Eo |sup | i (B, d) ‘Z
BeB ‘ | 2;1'
1
o) =B | s (A S sz
perr s 1l o

1
‘ Z i d‘ d| <2Mmb, | 28P
| a| 1zl

[e.e]

Consequently, equations (128)—(130) yield the final bound

1
(131) E[W,] < AMbLH -/ ~22
n
Summary. Back to equation (122). We use equations (123), (127) and (131)

to conclude the following: for any ¢ > 0, with probability at least 1 —

logp
n

(132) Q < 8(2MbLH + GH) -

(141

J.3. Proof of Proposition 6. The first part of Proposition 6 is trivial.
The second part of Proposition 6 follows from the identity

QA (Y =1) = Elwa(X, wa(X,0))] = Q*(Y = 0),

and this identity can be proven easily by using the law of iterated expec-
tation. Below, we prove the third part of Proposition 6. That is, under As-
sumption (A3), we have equation (112) holds.

Write m(X4) =P(Y = 1] X4). Recall that Y | X =Y | Xg. The proof is
based on a fundamental inequality that holds for any set A:

(133) E[r(X4)|Y = 0] > E[r(Xs) | Y =0].

To obtain this result, we note first for any set A:

E[r(Xa)| Y = 0] = g Bl (Xa) Ly
(130 = S = Elr(Xa) (1 = 7(X)
1

= 5y — g EVar(Y | X))
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Next, for any set A, we have
(135) Var(Y | Xa) > E[Var(Y | Xsuays) | Xa] = E[Var(Y' | Xs) | Xa].

where the inequality follows from the conditional variance decomposition
and the equality from Y| X = Y|Xg. Substituting it into equation (134), we
obtain the desired inequality (133)

E[n(X4)|Y =0] = E[Var(Y | X4)]

1
P(Y = 0)
1

> g g ElVar(Y | Xs)] = Efr(X5) | Y =)

In the same way, one can show for any set A,
E[(1 —m(Xa) | Y =1] = E[(1 - 7(Xg)) | Y = 1]

This shows for any set A:

EB[’IUA(X,Y)MA(X/,Y/)] E[W(XA)(]- - W(leél)) ‘ Y =0, Y = 1]
m(Xa) | Y =0]-E[(1 —7(Xa)) [ Y =1]
*(Xs) | ¥ = 0] E[(1 — n(Xs)) | ¥ = 1]

0,

E[
E[

AVARVS

where the first inequality uses our previous results. One can prove analo-
gously the bound Eyy [wa (X, Y)wa(X',Y")] > 0%

APPENDIX K: PROOF OF NO FALSE DISCOVERY IN LOW
DIMENSION

This section presents the proof of Theorem 2. The fundamental mathe-
matical tool that underlies the proof of Theorem 2 is Proposition 4 (for false
positive control) and Proposition 5 (for recovery). Proposition 4 basically
shows that the gradient with respect to a noise variable X; where j € 5S¢ is
negative, and its magnitude is lower bounded by the (square of the) objective
value. This causes the self-penalization—the larger the objective value, the
stronger the penalization on the noise variable. The recovery guarantee is a
careful extension of the population recovery result in Proposition 5.

K.1. Notation. Consider the metric learning algorithm. Let Q) Q(2),
...,Q® .. denote the sequence of the weighting distribution, and S, 5@
.., 5% denote the set of variables selected by the algorithm through the
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iterations. By convention, we define S0 = (). Note then S = U S*) is the
final output of the algorithm.

On population, we use {ﬁ(m;(@(k))}meN to denote the inner-loop projected
gradient ascent iterates that solve the population maximization problem

<F(8:0®
rggBF(ﬁ,Q )

We use BWQ(M) to denote the accumulation point that’s returned from the
gradient ascent inner-loop. This means in particular on population

Sk = §k) | supp(B2H)),

. .0tk) . .
In finite case, we use {ﬁ(m’(@n )}meN to denote the inner-loop projected
gradient ascent iterates that solve the empirical maximization problem

F(3: Q%)
max (B; Q)

.0k) . .
We use (@) to denote the accumulation point that’s returned from the
gradient ascent inner-loop. This means in particular in finite case

G+ — §() U qupp(BQ)),

We sometimes drop the dependence of the gradient ascent iterates on the
probability measure Q. This means that we may refer 3™ to B(m@(k)), and
refer B to B(*?Q(k)) when the context is clear.

K.2. Proof of Theorem 2. The key to the proof is the following propo-
sition, whose proof is deferred into Section K.3.

PROPOSITION 7. Let A C S. Consider the optimization problem:

. MA
(136) max. F(3;Qp).

Let {B(m)}meN denote the projected gradient ascent iterates with initialization
at B and stepsize o.. Then there exists some constant C' > 0 that depends
only on b,M,q, 0, f(0), f/(0), f7(0) such that the following holds: for any
t > 0, any choice of the stepsize o < Ci,p, and any choice of the threshold

(137) 7>C~\/107glp-(1+t),

we have with probability at least 1 — 2(p_t2 + e_”92/32) such that at least one
of the following two happens:
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e the initialization condition (F(5©); Q)2 > v fails
o any accumulation point B* of the projected gradient iterates satisfies

(138) supp(8)) C .

We are now ready to show that S C S holds with high probability. Fix
t > 0 in the statement of Theorem 2. Let £4 denote the event that’s stated in
Proposition 7. Let £ = N4.4cs€4 denote the event where all events €4 where
A C S happens. By Proposition 7 and the union bound, we understand with
appropriate choice of constant C' > 0 in the definition of &,

(139) P(E) > 125t (p7 4 72,
Below, we show on the event £ that the following happens:
(140) S*) C S holds for all k € N.

Note we define by convention Sk) = § for any k > 1" where T is the total
number of iterations after which the algorithm halts. Our proof is based on
induction on m € N. Below we assume we are on the event &£.

e The base case where m = 0 trivially holds since 5’0 = 0.

e Assume the induction hypothesis holds for m = k, i.e., Sk C
Consider the case where m = k + 1. We aim to show that S(*+1) -
Below we divide our discussion into two cases:

(i) If the initialization condition (F(B); Q,(lk)))2 > v holds, then we
run the gradient ascent to solve the maximization problem

F(B;QW).
max (B;Qp)

S.
S.

By definition of the event £, we know that the output from the
gradient ascent algorithm must satisfy

.0k
Consequently, this shows that, the output S+ gatisfies

G+ — §(k) supp (5(*;@5?)) CS.

(ii) If the initialization condition (F(8(; Q%’“))V > ~ fails, then the
algorithm halts at this iteration. As a result, we obtain

S+l — g g,
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Summarizing the above discussions, we have shown that S+ C g,
This proves that the hypothesis holds for m = k + 1.

As such, we have shown that S C S on the event £. This happens with
probability at least 1 — 2“”“(1)*1t2 + e*"92/32), thanks to equation (167).

K.3. Proof of Proposition 7. The key to the proof is to establish the
following result.

CrLAIM 2. There exists some constant C > 0 that depends only on the
parameters b, M, q, o, f(0), f'(0), f”(0) such that the following holds: for any
t > 0, for any choice of the stepsize a < C%p, and any threshold ~ satisfying

(141) vzcw/lofp-(lﬂ),

we have for some constant € > 0 independent of m (but can be dependent on
the rest of the parameters, e.g., p,n,a,C) such that, with probability at least
1-— 2(p_t2 + e_”@2/32), the gradient ascent iterate satisfies

(m+1) (m) i g¢
142 : < (B — iwjes dallmeN
(142) B; < <5] 5)+ for all j and all m

as long as the initialization condition (F(3);Q2))2 > ~ holds.

Once we can show this, then it is immediate that there exists a constant
C' > 0 such that for any ¢ > 0, any threshold v satisfying equation (141),
one of the following two events must happen

e The initialization condition (F(8®);Q4))% > ~ fails

e The initialization condition (F(8®;Q4))? > ~ holds. Then by the
claim 2, we know with probability at least 1 — 2(p_t2 + e_”92/32) any
accumulation point 3(*) of the iterate {8(™},,cn must satisfy

(143) supp(8)) C .

Below we prove Claim 2. Our strategy is to first prove that the Claim
holds on population (n = o0), and then extend the result to finite sample
case (n < 0o) by standard techniques on concentration and perturbation.

Population Analysisn = oco. Below we prove that equation (142) holds with
probability one for some constant £ > 0 when the constant C' > 0 (stated
in Claim 2) is sufficiently large. The key to showing this is Proposition 4.
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By Proposition 4, we have for some constant ¢ > 0 that depends only on
f+q, M, b, ¢ such that for any 8 € RE and any variable j € S¢,

(144) aaﬁjF(/B;@A) < —c- (F(8;Q")*

We wish to emphasize that, in using Proposition 4, we implicitly use the fact
that our choice of the weighting distribution Q# maintains the distributional
property Y | X =Y | Xg and Xg | Xge thanks to Proposition 3. Note that
equation (144) basically says that the gradient with respect to a noise variable
X; at any 3 is negative, and, moreover the absolute value of the negative
gradient is lower bounded by the square of the objective. In conjunction with
the projection Lemma O.2, this implies for the same constant ¢ > 0, we have

m m 8 m
gy = g (ﬂ§- "o g5 %@A))

(145)
< (8" e (F(E™:QY))

_l’_

To show the desired result, i.e., equation (142) holds for some constant € > 0
independent of m € N| it remains to show the lower bound

(146) F(B™, Q%) > F(B©;Q4) for all m e N.

Indeed, once we have equations (145) and (146), then it is immediate that
equation (142) holds for the constant € = o~ ¢ - F(3®); Q4)? > acy > 0.

Below we prove equation (146) holds when the constant C' > 0 (stated
in Claim 2) is sufficiently large. To do so, we invoke the very basic prop-
erty of the projected gradient ascent algorithm—that is, the objective value
increases monotonically along the iterates when the stepsize is sufficiently
small. More precisely, by Lemma O.4, it suffices to show the stepsize o < 1/L,
where L is the Lipschitz constant of the gradient of the objective (with re-
spect to ||-||, norm). Lemma K.1 upper bounds L < |f”(0)|Mp where M =
(2M)?. Hence, the stepsize o < C%p < 1/L when C > |f"(0)|M, and there-
fore m +— F(3(™); Q%) is monotonically increasing thanks to Lemma O.4.
This proves equation (146).

Finite Sample Analysis n < co. Here we extend the above analysis to the
finite sample case where n < oo. The proof here is similar to that of n = co—
the major difference is that we need to substitute the population objective
and gradient by the empirical ones. For this reason, the key to extending the
proof to finite case n < oo is to bound the difference between the population



SUPPLEMENTARY MATERIAL 61

and empirical objectives and gradients uniformly over 5 € B. Fortunately,
Corollary J.1 provides such high probability bounds.

According to Corollary J.1, we have for some constant C' > 0 depending
only on the parameters b, M, g, f(0), '(0), f”(0) such that

e we have with probability at least 1 — p—t2 — e/ 32,
= logp
(147) sup |F(8; Q) — F(3;Q%Y)] < C -/ =22 (14 4)
BeB n
e we have with probability at least 1 — p*t2 — e/ 32,

(148) sup sup F(p; QA) 7F(5 QY| <

[logp
— - (1+1).
j€lp] BEB aﬁ] 8[33 n ( )

Let A denote the event on which both equations (147) and (148) hold. We
prove that equation (142) holds on the event A, provided that C' > 0 (stated
in Claim 2) is sufficiently large, and v satisfyies equation (137).

Since the proof is essentially the same as before, we only briefly describe
the major steps, leaving the details to the reader. In the discussions below,
we assume we are on the event A. First, equation (147) implies that

- lo
(19 sup [ F(3: Q) = FH3:QY)| <20 1O S0F - (10
€
as both F(8; Q%) and F(B;Q4) are uniformly bounded by |f(0)| when 8 €
B. Consequently, by equations (144), and (148) and (149) and the triangle
inequality, we can obtain for all 5 € B and all j € S¢:

lo
(150) (B0 < e (FBQNP +C 82
dB;
where we define the constant ¢’ = (1 +¢) - C - |f(0)] > 0. Next, by equa-
tion (150), and the projection Lemma O.2, we can obtain for all ¢ € N and
je s

(1+1)

m m / 1
(151) A" < (5]( ) a- (c-(Fw(t);Qﬁ))?_c. Oi (1+t))>

+

Finally, by using the same strategy as proving equation (145), we obtain

(152) F(R™;Q) > F(3©,Q2) forall m e N
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when the constant C' > 0 (stated in Claim 2) is sufficiently large. Hence,
equations (151) and (152) together imply that, on the event A, the desired
equation (142) holds for the constant

(153) e=a- ( (F(BO;Qh)? -’ \ bip (14 t)) :

Since (F(8(;Q2))? > ~ by assumption, the constant & > sacy > 0 if the

condition v > C lo%(l + t) holds and C' > 0 is sufficiently large.

LEMMA K.1. Let f € C*®(R4) be such that f’ is completely monotone.
Assume that || X||,, < M under Q. Then, both the population objective
F(B;Q) and the empirical objective F(B;Qy) has Lipschitz gradient with
Lipschitz constant L < |f"(0)|Mp where M = (2M)?.

PROOF. We only prove the result for the population objective F'(8;Q)
(the proof for F/(5; Q,,) is essentially the same). To start with, note for j € [p],
9 w /

TﬂF(ﬂ;Q) =Ef_w [d;- f'((8,d))] -

j

As [|d||,, < M, we obtain that 8 — (8,d) is M,/p Lipschitz. Since f’ is
completely monotone, it is Lipschitz with constant |f”(0)]. Consequently,
we have shown that 5 — %F(ﬁ,@) is |f"(0)|M/p Lipschitz, and hence

B +— VF(B;Q) is Lipschitz with Lipschitz constant L < |f”(0)|Mp. O

K.4. Discussion on Early Stopping of Gradient Ascent. The proof
of Theorem 2 suggests that we can still achieve the high probability no-false-
positive guarantees if we modify the algorithm to perform an early stopping
on the inner-loop gradient ascent iterates. Indeed, the proof of Theorem 2,
and in particular, the proof of Claim 2 shows that with high probability the
inner-loop gradient ascent iterates satisfy for all noise variable j:

(m) (m) logp
Bii = (Bj Ty, )
_l’_
1

for some constant ¢ > 0 that is independent of p, n, provided that o < o for

some large constant C' > 0 independent of p. Hence, if the initialization ()
has coordinates on the order of % (say B0 = %1) and the stepsize o = Q(%),

then with constant number of iteration m’ (here constant means the number
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of iteration m/’ is independent of p), the gradient ascent iteration will reach a
point where B]m/ = 0 for all noise variable j. Performing such early stopping
will significantly reduce the computation cost, while maintaining the statisti-
cal no-false-positive control. One thing that really deserves attention is that
there is also the signal recovery guarantees when the stepsize a = Q(%) (see
the low-dimensional recovery result; Theorem 4).

APPENDIX L: PROOF OF RECOVERY GUARANTEE IN LOW
DIMENSION

This section presents the proof of Theorem 4. The proof is based on a
careful (and not trivial) extension of the proof of the recovery guarantee of
the population algorithm studied in Proposition 5.

L.1. Notation. This section uses exactly the same notation as appeared
in the previous Section K (see Section K.1).

L.2. Proof of Theorem 4. We prove that, with probability at least
1—25(p~" + e ™¢°/32) the output S satisfies Y | Xg =Y | Xg. The
key to the proof is the following proposition, whose proof is deferred into
Section L.3.

PROPOSITION 8. Let A C S be such that Y | X4 # Y | Xg. Consider
the optimization problem:

. MA
Brzr}gae%F(B,@n).

Let {B(m)}mEN denote the projected gradient ascent iterates with initialization
at BO) and stepsize . Then there exists some constant C' > 0 that depends
only on the parameters b, M, q, o, f(0), f'(0), f”(0) such that the following
holds: for any t > 0, any choice of the stepsize a < C%p, and any choice of
the threshold v that satisfies

12 0[P (g,

then if the following initialization condition holds (on population):

(F(B(O);QA)>2 >y +C -/ losp (1 +1).

then we have with probability 1 — (p_t2 + e_"92/32) the following two happen:
e the initialization condition (F(8©);Q2))% > v holds
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e any accumulation point B* of the projected gradient iterates satisfies
(154) supp(B™))\A # 0.

We are now ready to show that S satisfies Y | Xg =Y | Xg with high
probability. Fix ¢ > 0 in the statement of Theorem 4. Let £4 and £/, denote
the event that’s stated in Proposition 7 and Proposition 8 respectively. Let
€ =Naacs€a and & = Na.acs€’y. By Proposition 7 and Proposition 8 and
the union bound, we understand with the appropriate choice of constant
C > 0 in the definition of £, &’, we have

(155) PENE)>1—25T2(p7 ),

Fix the constant C' > 0. Suppose the following condition holds:

. 2 log p
f F (0). > . - (14+1¢).
A:AgS,YIB(A;éHXS ( (5 ’QA)> zy+C V n (1+1)

Below we show under this condition, and on the event £ N E’, the algorithm
does not halt until it finds S such that Y | Xg =Y | Xg. Our reasoning is
based on the following points.

e By the same analysis in the proof of Theorem K (see Section K.2), we
understand on the event &, the algorithm does not over-select noise
variables, i.e.,

S*) C S holds for all k € N.

e Now, suppose we are at the iteration k and Y | S*®) £ Y | S. Now we
show the algorithm does not halt at this iteration and S*+1) > §(*),
Indeed, since S®) C § and Y | S*) #£ Y | S, by definition we know
that on the event £, the initialization condition (F(3®); Qgc)))2 >y

k
holds, and moreover the gradient ascent iterate returns (3 (+Qn") with

wOMNYY | A
supp <5( Qn )) \S*) £ 9.

Thus the algorithm does not halt at the iteration, and moreover,
S+ — §) | supp (5(*; 53“))) S &k)

As such, we have shown that S C S on the event £ , and moreover, the output
S must satisfy Y | S =Y | S. This proves the recovery result in Theorem 4.
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L.3. Proof of Proposition 8. Our strategy is to first prove that the
proposition holds on population (n = o0), and then extend the result to
finite sample case (n < 0o) by standard concentration inequalities and per-
turbation arguments.

Population Analysis:n = o0o. Let A C SbesuchthatY | X4 #Y | Xg. We
prove that with probability one, any accumulation point 3*) of the gradient
iterates must satisfy supp(8*))\ A # 0. To prove this, we notice the following
basic facts.

e By assumption, the inequality below holds

(156) (F(B;Q4))% > 7.

Hence, the algorithm passes the initialization condition.
e Mimic the proof of equation (146), one can show that if the stepsize
a < Cip for some sufficiently large constant C' > 0, then

F(B™;Qyu) > F(B®;Q4) for all m e N.

In particular, this shows that any accumulation point 3*) of the gra-
dient iterates must satisfy

(157) F(8%);Qa) = F(8©;Qa) > 0.
e By Proposition 3, we know that X4 1 Y under Q4. Hence,

(158) F(B;Qa) = 0 when supp(8) C A.

Equations (157) and (158) immediately show that supp(5®*))\ A4 is not empty.

Finite Sample Analysis: n < oco. Here we extend the above analysis to the
finite sample situation where n < co. The proof here is essentially the same
as that of n = co—the only change we make is to substitute the population
objective by the empirical one. The main technical tool that we need is
Corollary J.1, which provides a high probability bound on the difference
between the empirical and population objective uniformly over 5 € B.

Again, we start with any set A C S such that Y | X4 # Y | Xg. By Corol-
lary J.1, for some constant C' that depends only on b, M, o, f(0), f/(0), f"(0),
we have with probability at least 1 — p*t2 — e ne?/32

(159) sup [F(8; Q) — F(8;Qu)| < O/ 22 (1 11
BEB n
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Let A denote the event that equation (159) holds. It suffices to prove that,
on the event A, any accumulation point 3*) of the gradient iterates must
satisfy supp(B3))\A # 0. To prove this, we mimic what we have done before.
In the discussion below, we assume that we are on the event A.

e We check whether the algorithm passes the initialization condition:
(160) (F(B;Q))% > .

Note that, since both 3+ F(8; Q%) and 3 + F(B;Q4) are uniformly
bounded by |f(0)| when § € B, equation (159) immediately implies
that

(161) sup |[F2(6: Q) — F(3:Qu)| < 20+ |7(0)] - /22 - (1 4.9)

BeB

By definition of A and triangle inequality, a sufficient condition is

(162 (FEO:Qa) 2y +20- [£O)] [ BL (1 40).

where C' > 0 is the constant that appears in the equation (159).

e Again, mimic the proof of equation (146), one can show that if the

stepsize o < ﬁ for some sufficiently large constant C' > 0, then

F(B™, Q%) > F(B©; Q) for all m e N.

In particular, this shows that any accumulation point 3*) of the gra-
dient iterates must satisfy

(F(BY;Q)* = (F(B9;Qp))

By triangle inequality, and using the definition of A (cf. equation (161))
again, we obtain that any accumulation point 2*) must satisfy

(F(39:Qu))° = 7 —2C - [70)] 22 - (1 1)

where C' > 0 is the constant that appears in the equation (159). This
shows that if v > 2C - | £(0)] - \/10% (1 +1t), then on the event A,

(163) F(B%);Qa) > 0.
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e By Proposition 3, we know that X4 1 Y under Q4. Hence,

(164) F(8;Qa) = 0 when supp(3) C A.

Summarizing the above discussions, we have seen that if the stepsize a < C%w
and if the threshold ~ satisfies

1
v>C- %-(1“)

for some large constant C' > 0, then equations (160), (163) and (164) hold
conditional on the event A. In other words, when the constant C > 0 stated
in Proposition 8 is sufficiently large, then supp(8®*))\A # 0, conditional on
the event A. Recall P(A) > 1 — p~** — ¢=€*/32_ This completes the proof.

APPENDIX M: PROOF OF FALSE POSITIVE CONTROL IN
HIGH-DIMENSION

This section presents the proof of Theorem 3. The fundamental math-
ematical tool that underlies the proof is Proposition 3 and Corollary J.1.
Proposition 3 shows on population the gradient with respect to noise vari-
able is negative—and thereby there is no false discovery. Corollary J.1 shows
that the empirical gradient is uniformly close to the population gradient.
Therefore, with an explicit £; penalty, we can easily translate the no false
positive result from the population to the empirical objective, which is the
content of Theorem 3.

M.1. Notation. Consider the metric learning algorithm. Let Q(1), Q(®),
..,Q® .. denote the sequence of the weighting distribution, and g(l), S’(Q),
.., 8" denote the set of variables selected by the algorithm through the

iterations. By convention, we define S(© = (. Note then S = Ug S®) is the

final output of the algorithm. We use {3 (m@(k))}meN to denote the inner-loop
projected gradient ascent iterates that solve the maximization problem

2(8: \. Q)

max (B; A Q)

where we recall the definition of the regularized objective (for all Q)
0(B; A, Q) = F(B;Q) = A1l -

We use B(*?@(k)) to denote the accumulation point that’s returned from the
gradient ascent inner-loop. This means in particular we have

Gk+1) _ Gk) supp(ﬁ(*@(k))).
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We sometimes drop the dependence of the gradient ascent iterates on the
probability measure Q. This means that we may refer 3™ to B(m?@(k)), and
refer B to ﬁ(*?(@(k)) when the context is clear.

M.2. Proof of Theorem 3.

M.2.1. Organization of the Proof. On a high level, the proof has two
parts.

e In the first part, we show that with high probability ScCs.
e In the second part, we show that with high probability the algorithm
terminates in finite time.

We detail the two parts of the proofs in subsection M.2.2 and M.2.3 below.
M.2.2. Proof of Part 1: S C S. In this section, we show that § C S with

probability at least 1 — 25“(19*1t2 + 6*"92/32). The key to the proof is the
following proposition 3, whose proof is deferred to section M.3.1.

PROPOSITION 9. Let A C S. Consider the optimization problem

(165) On,,4 : maximize £(8; X, Q7).
peB

Then there exists some constant C > 0 that depends only on the parameters
b, M,q, 0, f(0), f/(0), f”(0) such that for any t > 0 and any penalty

1
A>C- %-(1“),

with probability at least 1 — (p_t2 + e‘”92/32), we have any stationary point
B of the optimization problem Oy x o (cf. equation (165)) must satisfy

(166) supp(S3) C S.

We are now ready to show that S C S with high probability. This is
achieved by showing that with high probability S*) C § for all k¥ € N. Let
€4 denote the event that’s stated in Proposition 9. Let £ = N4.4cs5€a denote
the event where all events £4 where A C S happens. By Proposition 9 and
the union bound, we understand with appropriate choice of constant C' > 0
in the definition of &,

(167) P(E) > 1— 25T (p " + ¢ m¢°/32),
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Below, we show on the event £ that the following happens:
(168) S*) C S holds for all k € N.

Note we define by convention S*) = § for any k > T where T is the total
number of iterations after which the algorithm halts. Our proof is based on
induction on m € N. Below we assume we are on the event &.

e The base case where k£ = 0 trivially holds since So = 0.

e Assume the induction hypothesis holds for k, i.e., S(k) C §. Consider
the case where k + 1. We aim to show that S*+1) C §. Note that if
we run the gradient ascent to solve the maximization problem

Opasm max n(B; 2, QW)

the solution B(*?Q(M) we obtain must be a stationary point of the prob-
lem when the stepsize a < 1/(Cp) for sufficiently large C' (This is
a consequence of Lemma K.1 and Lemma O.4; Lemma K.1 shows
that £,(8; X, Q%)) is L = | f"(0)[Mp smooth where M = (2M)9, and
Lemma O.4 shows that any accumulation point of gradient ascent with
stepsize & < 1/L must be stationary). Since S®*) C S, by definition of
the event £, we have

supp (5(*;@’“))) cS.
Consequently, this shows that, the output SE+1) satisfies
SkE+) — §0) U supp (5<*;@<k>>) cs.

This proves that the hypothesis also holds for m = k + 1.
As such, we have shown that S C S on the event £. This happens with
probability at least 1 — 251 (p~t* 4+ ¢=¢°/32)  thanks to equation (167).

M.2.3. Proof of Part 2: Termination in Finite Time. In this section, we
show that with high probability the algorithm terminates in finite time. The
key to the proof is the following Proposition 10, whose proof is deferred into
Section M.3.2.

PRrROPOSITION 10. Let A C S. Consider the optimization problem

(169) Opaa ma%(ie%lizeﬂ(ﬂ; A, Q4.
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Then there exists some constant C > 0 that depends only on the parameters
b, M,q, 0, f(0), f/(0), f”(0) such that for any t > 0 and any penalty

1
A>C -4/ O§p~(1+t),

with probability at least 1 — (p_t2 + e_“@2/32), we have any stationary point
B of the optimization problem Oy x o (cf. equation (169)) must satisfy

(170) either =0 or supp(B)\A # 0.

We are now ready to show that the algorithm terminates in finite time.
The basic intuition is that with high probability at any iteration k € N, the
solution S Q™) must fall into one of the following two cases:

° 5(*7@(@) = 0. This is the case when the algorithm halts.
. supp(ﬁ(*’@k)))\S(k) # 0. This is the case where the algorithm finds at
least one new variable, i.e., S+ > §k),

Let £4 and &’y denote the event that’s stated in Proposition 9 and Proposi-
tion 10 respectively. Let € = Na.acs€a and £ = Na.acs€’y. By Proposition
7 and Proposition 8 and the union bound, we understand with the appropri-
ate choice of constant C' > 0 in the definition of £, &’, we have

(171) PENE) > 1-2(p" 7m0 /%),

Below we show on the event £ N E’ the algorithm terminates in finite time.
Our reasoning is based on the following points.

e By the analysis in the previous part, we understand on the event &,
the algorithm does not over-select noise variables, i.e.,

S*) C 8 holds for all k € N.

e Now, suppose we are at the iteration k. By the previous point, on the
event £, S C S. By the definition of &, we know that the gradient
ascent iterate returns ﬁ(*?Q(k)) that satisfies

172)  either A9 =0 or supp (B9 \SW £,

Thus, we have two cases based on the value of (Q™)

- B(*“@(k)) = 0. Then the algorithm halts at this kth iteration.
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— B(*@(k)) # 0. In this case, the algorithm adds at least one new
variable. Indeed, by equation (172), we have

S+ — §09) | supp (ﬁ(*?(@““))) 5§,

This shows that the algorithm terminates in at most |S| steps.

As such, we have shown that the algorithm terminates in finite time on the
event £NE’. This happens with probability at least 1 — 2512 (p*’52 +e*”92/32),
thanks to equation (171).

M.3. Proof of the Propositions 9-10.

M.3.1. Proof of Proposition 9. The key to the proof is to establish the
following result.

Cramm 3. Let A C S. There exists some constant C > 0 depending only
on b, M,q, o, f(0), f/(0), f7(0) such that for any t > 0 and any penalty

(173) A>C- k’%-(lﬂ),

g e*”92/32, the inequality

we have with probability at least 1 —p~t
0

—/
0B,

holds simultaneously for any B € B and any index j € S°.

(B;2,Q2) <0

Claim 3 says with high probability, any 5 € B with Sgc # 0 cannot be
a stationary point of the optimization problem—decreasing the value of 3;
where j € supp(8) NS¢ strictly increases the objective £(3; A\, Q4). Thus,
proving the claim immediately leads to the desired Proposition 9.

Now we prove Claim 3. Our proof of Claim 3 proceeds as follows. We first
prove the Claim holds on population (n = c0). Then, we extend the Claim,
showing it also holds in finite sample (n < co) by using standard concentra-
tion and perturbation arguments. We note for any 8 € B the gradient takes
the form

B)
0
9B;
)
)
9B;

(B: A, Q%) = Egy [d; - (8.d)] = A
(174) )
(B; A, Q7)) = B4y gy [dy - f ((8,d)] — A
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Population Analysis n = co. Here we show that Claim 3 holds in popula-
tion. Proposition 3 is crucial towards this end. By Proposition 3, we obtain
for any g € RE and j € S,

9 A
We wish to emphasize that, in using Proposition 3, we implicitly use the fact
that our choice of the weighting distribution Q4 maintains the distributional
property Y | X =Y | Xg and Xg | Xge thanks to Proposition 3.

Now, using the first equation in equations (174), we immediately obtain

2
98,

This proves Claim 3 holds on population (n = 00).

(175) 080, QY =Ex*  [dy - £/ ((8,d))] —A < —A <.

Finite Sample Analysis n < co. Here we prove Claim 3 also holds in finite
sample scenario n < co. The proof is essentially the same as before, and the
only difference is to replace the population gradient by the empirical one.
Hence, the key to the proof is to bound the difference between the quantities

9 5.5 A 9 sy 0A
aiﬂjg(ﬂa)‘a(@n) and aﬁjg(ﬁa)‘u(@ )

over all possible values of 3 € B and all possible variable j € S¢. Corol-
lary J.1 provides such a high probability bound. Indeed, it shows that for
some constant C' > 0 depending only on b, M, o, f(0), f'(0), f”(0), we have

with probability at least 1 — (10_752 + e_"QQ/gQ)7
1
<Cy/ %(1 +1).

Let’s denote A to be the event where equation (176) holds. Using equa-
tions (174), we immediately obtain that, on the same event A,

1
<Cy/ in(1+t).

Now assume the penalty A is greater than the RHS of equation (177), i.e.,

A>c-,/k’$-(1+t).

B A0 A
—_F(B: — F(B:
(176) 5;1[5]222 95, (8;Q7) 95, (B3;Q%)

0
= 0(B; A\, Q2

_ 92,

. A
55,151,

(177) sup sup
j€lp) BEB
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By equations (175), (177) and the triangle inequality, on the event A, we
have for any 8 € B and any j € S

—z A\, Q4
aﬁ] (B; 7, Qp)

A QY + | e a0 - 2ep a0
< o aﬁj (B2, Q%) ‘aﬁ] (B; A, Q) 95, (8;2,Q%)
logp

<A+C-/—=-(1+1t)<0.
n
Recall P(A) > 1 — p*262 — ¢~m°/32_This shows Claim 3 holds in finite case.
Summary. As mentioned earlier, Claim 3 implies Proposition 9 as desired.

M.3.2. Proof of Proposition 10. The key to the proof is to establish the
following result.

Cram 4. Let A C S. There exists some constant C > 0 depending only
on b, M,q, o, f(0), f/(0), f/(0) such that for any t > 0 and any penalty

log p

(178) A>C C(1+1),

n

we have with probability at least 1 — ;zo_t2 — e_"92/32, the inequality

o A
5 QD <

holds simultaneously for any f € B with supp(8) C A and any indezx j € A.

Claim 4 says with high probability, any 0 # g € B with supp(8) C A
cannot be a stationary point of the optimization problem—decreasing the
value of 3; where j € supp(3) N A strictly increases the objective £(3; A, Q4).
Thus, proving the claim immediately leads to the desired Proposition M.3.2.

Now we prove Claim 4. Our proof of Claim 4 proceeds as follows. We
first prove the Claim holds on population (n = o). Then, we extend the
Claim, showing it also holds in finite sample (n < 0o0) by using standard
concentration and perturbation arguments. We note any 5 € B has gradients

(179) 5

a@ (BN Q) = B [dy - £/((8.d))] -
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Population Analysis n = co. Here we show that Claim 4 holds in popula-
tion. By Proposition 3, X4 L Y under Q4. Hence, we have for all 8 € B
with supp(8) C A and all index j € A:
0
—4

o5, (B;AQ%) =Eptyy [dj TR _X/Hqﬁ)} -

(180) =Bty (a5 £ X = XAl|,50] = A

= -\ <0,

This proves Claim 4 holds on population (n = co).

Finite Sample Analysis n < co. Here we prove Claim 4 also holds in finite
sample scenario n < co. The proof is essentially the same as before, and the
only difference is to replace the population gradient by the empirical one.
Hence, the key to the proof is to bound the difference between the quantities

9 ,iay oA 9 iy A
55 (50 @) and 20(5 @)

over all possible values of 3 € B and all possible variable 57 € S¢. Corol-
lary J.1 provides such a high probability bound. Indeed, it shows that for
some constant C' > 0 depending only on b, M, o, £(0), f/(0), f”(0), we have

with probability at least 1 — (p*t2 1 e me?/ 32,
1
<C \/@ (1+1).
n

Let’s denote A to be the event where equation (181) holds. Using equa-
tions (179), we immediately obtain that, on the same event A,

SC\/IO%QH).

Now assume the penalty X is greater than the RHS of equation (182), i.e.,

9 ph - 2 Fisoh

181 sup su
(181) DSup |55 o7,

Jj€lp] PEB

2 a0t

)
S
B;

. A

(182) sup sup
j€lpl BEB

1
A>C- %?.u+w
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By equations (180), (182) and the triangle inequality, on the event A, we
have for for all g € B with supp(8) C A and all index j € A:

iz A, QA

— A) | —=£(8; A ay_9, A
< o B0 Q) + [ K@ — A
<A+ C- 10%-(1“)«).

2

Recall P(A) > 1 — p~t* — ¢ ¢*/32_ This shows Claim 4 holds in finite case.

Summary. As mentioned, Claim 4 implies Proposition 10 as desired.

M.4. Discussion on Early Stopping of Gradient Ascent. The
proof of Theorem 3 suggests that we can still achieve the high probabil-
ity no-false-positive guarantees if we modify the algorithm to perform an
early stopping on the inner-loop gradient ascent iterates. Indeed, the proof
of Theorem 3, and in particular, the result in Claim 3 shows that with high
probability the inner-loop gradient ascent iterates satisfy for all noise variable
J:

/31(7}2 < (ﬂj(»m) — a)\)+

provided that A\ > C - \/10% for some constant C' > 0 independent of
p. Hence, if the initialization (90 has coordinates on the order of ;1) (say

BO) = %1) and the stepsize a = Q(I%), then with constant number of itera-
tion m’ (here constant means the number of iteration m’ is independent of
p), the gradient ascent iteration will reach a point where ﬁjm/ = 0 for all noise
variable j. Performing such early stopping will significantly reduce the com-
putation cost, while maintaining the statistical guarantee on no-false-positive
control. One thing that really worth attention is that there is also the signal
recovery guarantees when the stepsize a = Q(%) (see the high-dimensional
recovery results; Theorem 5—7).

APPENDIX N: PROOFS OF RECOVERY IN HIGH DIMENSION

This section presents the proof of all the recovery results in Section 5 in
the main text. The roadmap of the section is as follows.

1. Section N.1 presents the proof of Theorem 5, showing that metric learn-
ing recover main effect signals w.h.p with n ~ log p samples.
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2. Section N.2 presents a more general recovery result on the main ef-
fect signals, namely, Proposition 11, that generalizes Theorem 5. As
a comparison, while Theorem 5 assumes conditional independence be-
tween signal variables, Proposition 11 places no assumptions on the
dependence structure on the signal variables.

3. Section N.3 presents the proof of Theorem 6, showing that metric
learning algorithm recovers s order pure interaction w.h.p with n ~
p2(s—1) log p sample; the recovery assumes a computational budget that
is linear in the total variables p. Section N.4 discusses how a slight mod-
ification of the original metric learning algorithm manages to detect s
order pure interaction with n ~ p2(s—s0)+ log p samples, under the as-
sumption of a larger computational budget O(p*°).

4. Section N.5 presents the proof of Theorem N.5, showing that a slight
modification of the original metric learning (which we call hierarchical
metric learning, see Algorithm 1) recovers the signals under hierarchi-
cal model with n ~ log p samples. Section N.6 shows such modification
is necessary from a computational perspective (by analyzing the land-
scape of the hierarchical model).

5. Section N.7 presents the proof of Proposition 6, showing that the sta-
tistical information in the objective and gradient for ¢; type kernel is
much stronger than that for the ¢5 type kernel.

6. Section N.8 presents the proof of a technical result used in the proof
of Theorem 6.

N.1. Proof of Theorem 5 (Recovery of Main Effects). We will
show with probability at least 1 —2° (p_t2 + e/ 32) the algorithm success-
fully selects all the signal variables within the set S(\) before it terminates.
Together with Theorem 3, which shows the algorithm with high probability
does not over-select any noise variable, we obtain Theorem 5 as desired.

Below we show the algorithm outputs S that contains S (A\) with proba-
bility at least 1 — 2° (p_t2 + e~ne?/ 32). Denote the optimization problem

O, : imize £(8; A; Qy).
A maximize £(5; A; Qn)

For any A C [p], solving O, » o for Q = Q* with gradient ascent will always
return a stationary point of O,, o when the stepsize o < 1/(Cp) for the
constant C' = |f”(0)|M where M = 2M (thanks to Lemma K.1 and O.4).
Here is the key to the proof: with probability at least 1—2% (p_t2 —|—e‘”92/32),
0 € B can’t be stationary for the optimization problem (’)m/\@wg unless S
contains S(A). Once we prove the claim, by Proposition 10 and Theorem 3,

we know with high probability the algorithm will proceed until S contains
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S(A). Below we will first prove the key claim holds on population (n =
o0), and then prove it also holds on finite sample (n < oo) using standard
concentration and perturbation techniques.

Population case: n = co. Write A = S'(k), the variables being selected by
iteration k. Suppose A does not contain the set S(\). Now we prove 0 € B
can’t be stationary with respect to the optimization problem Oy, , ga.

Pick a signal variable j € S(A)\A. We compute the derivative of the
objective function ¢(3; A, Q4) with respect to variable j at 8 = 0:

0
—/
0B;
According to Proposition 3, the rebalancing procedure keeps the law of X 4c |

Y before and after reweighting. In particular, X; | Y has the same law under
Q4 and P. Therefore, we have

(183) (B: X, Q%) |p=o= £'(0) - EFAy [|X; — XJ[] — A

(184) Eitw [|X5 = Xj|) = Ep-w [|X; - ]|

By equations (183) and (184), and the fact that j € S(\,t), we obtain
0

—/

0p;

where the last inequality uses the definition of the set S(A). This shows that

B = 0 can’t be stationary for the optimization problem O, ) g4 unless A

contains S(A). As a result, the algorithm does not stop at iteration k& unless
S(k) D S()). Consequently, this implies that S D S(\).

(185) (B; 2, Q) ls=0= f'(0) - Ep—w [|X; — X}[] = A >0,

Finite Sample case: n < oo. The proof is essentially the same as in the
population case n = co. The major difference is that we replace the popula-
tion gradient 8%}[(6; A, Q) by the empirical gradient a%jﬁ(ﬁ; A, Qp) over all
possible reweighting distributions Q = Q4 where A is a subset of S (recall
the algorithm does not over-select any noise variable with high probability).
Our proof uses the high probability bound (Corollary J.1) to control the
difference between the population and empirical gradients.

Below we give the details of the proof. We introduce two events that are
of crucial importance.

e Let &€ be the event that is stated in Theorem 3—the event on which
the algorithm does not over-select noise variables. By Theorem 3, £
happens with probability at least 1 — 2‘9(p_t2 + e_”92/32).
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e Let & be the event for which we have the high probability bound on
the empirical and population gradients

(186)
0 0 1
55 (BN Q) a0 — 5B QY Jamo) < O S0E - (140

holds simultaneously for all set A C S and all variables j € [p]. By
Corollary J.1 and union bound, we can choose appropriate constant
C > 0 such that & happens with probability at least 1 — 25(]9_152 +
e*”92/32). Here C' > 0 depends only on b, M, o, f(0), f/(0), f(0).

Let £ = ENE'. Let the constant C in the definition of S(\) be the same

constant C' appeared in equation (186). Assume A > C - 4/ 10% “(1+1t). We
show on event &, the algorithm selects S(\) before it terminates. To see this,
let k£ denote the iteration, and A = S*) denote the set of variables selected
by iteration k. Suppose A does not contain the set S(\). Now we prove 0 € B
can’t be stationary with respect to the optimization O,  ga. Indeed, pick
any signal variable j € S(A,t)\A. By equations (185) and (186), we have

0

876/(5;/\7@7?) l=0

> 0 B0 @Y | - ‘8 €8\ Q) oz — 2 (6; 0, Q%) |

= 8,8] 3 7\ B8=0 86] y N\ N ) [ B=0 8/@] y /Ny £5=0
1

— 110 [Ep_w [|X; = Xi[] | —C /=22 1+ 5)— x>0,

n

where the last inequality uses the definition of S(X). As a result, we have
shown on event &, the algorithm does not stop at iteration k unless the
set S O g (A\). In other words, on event &, the output of the algorithm
must satisfy S O S (M\). Since the event £ happens with probability at least
1-— 23“(]9_752 + e‘”92/32), this concludes the proof for the finite case n < oco.

N.2. Recovery of Main Effects under Dependence. Proposition 11
generalizes Theorem 5. It shows that metric learning can w.h.p. recover signal
variables that contribute additional explanatory power after accounting for
the other variables (and the explanatory power has to be significant enough
in the finite sample case; cf. equation (187)).

PROPOSITION 11.  Assume (A1)-(A3). Let ¢ = 1. There exists some con-
stant C > 0 depending only on f(0), f'(0), f”(0), M,b,v such that the fol-
lowing holds: for any t > 0, any initialization B, and any stepsize o and
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penalty X satisfying

1 1
ng-(l-i—t) and o < ——,

n C-p

A>C-

with probability at least 1 — 25+2(p_t2 + e_”92/32), the metric learning algo-
rithm outputs a set S such that S 2 S 2 S(\), where

e S(N) = { jo i SIGNAL({j} | 4) > 2)\}
where SIGNAL({j} | A) = f'(0) - E%Yy [| X5 — X2|]

N.2.1. Proof of Proposition 11. The proof of Proposition 11 is very simi-
lar to that of Theorem 5. Our proof strategy is essentially the same: we show
0 € B can’t be the stationary point with high probability unless S 2 S()).
Below we sketch out the proof.

First, we consider the population case where n = oco. Let A = S'(k), the
variables being selected at iteration k. Suppose A does not contain S(A).
Now we prove 0 € B can’t be the stationary point (and so the algorithm does
not stop). Pick a signal variable j € S(A)\A. The derivative of the objective
function £(3; X, Q%) with respect to variable j at 3 = 0 gives exactly the same
equation (183) as before. Without the conditional independence assumption,
we no longer have equation (184) to hold. Yet we can still derive an analogous
version of equation (185) with only equation (183) at hand—the key is to
exploit this new (and different) definition of S(A). In fact, we have for any
j €S,

)
2y
05;

where the inequality holds since the definition of S(\). As such, we have
proven the desired claim, that is, 8 = 0 can’t be stationary unless the set of
selected variables A contains the set S(A).

Next, we extend the result to the finite sample case where n < oco. The
proof is essentially the same as that appeared in the proof of Theorem 5. We
omit the details for the interested readers.

(188) (B; A, Q%) |g—o= f(0) -EW4 [| X5 — X4[] — A >0,

N.3. Proof of Theorem 6 (Recovery of Pure Interactions). Through-

out the proof, we assume W.L.O.G that for the constants A, C' (the constant
C' is to be determined from the proof)

SIGNAL(S) > NOISE(X; C) = 2\ + ;.
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2

We will show with probability at least 1 — p=¢ — e~ne’/ 32 the algorithm
successfully selects all the pure interaction signal variables S. Together with
Theorem 3, which shows the algorithm with high probability does not over-
select any noise variable, we obtain Theorem 6 as desired.

Below we show the metric learning algorithm selects all the signal variables
S in a single iteration, i.e., S = G with probability at least 1 — p*’f2 —
e=¢*/32 Tn the first iteration, the algorithm aims to solve the optimization

Op,x - maximize £(3; X\; Q)
BeB

Here Q is a reweighted version of P, i.e., dQ(z,y) x dP(x,y)- P(1—y). Note
that the conditional distribution of X|Y is the same under P and Q. Yet the
marginal distribution of Y is not the same. In fact, Q is always balanced,
ie,Q(Y =0)=Q(Y =1) =1, while P is not necessarily balanced.

Recall that we solve the optimization using projected gradient ascent:
formally, with initialization B8O = %1, we update

Bm+1) _ qp, <ﬁ(m+1/2))
where BU"T1/2) = gm) 4 o (3™ X\, Q,,).

The key to the proof is to establish Proposition 12, whose proof is pretty
technical, and is deferred to Section N.8.

PROPOSITION 12. Assume the same assumption as in Theorem 6. As-
sume the constant C > 0 stated in Theorem 6 is large enough. Then, we have
with probability at least 1 —jrft2 — e*"92/32, the gradient iterates 8™ satisfy

(189) minﬁi(m) >(= b

nir 8 >0 forallm e N.

This proposition essentially says that with high probability at any itera-
tion, the coordinates of the gradient iterates qum) is bounded away from 0.

As a result, this means that with probability at least 1 — p*’f2 —ene?/ 32

any
accumulation point ) of the iterates must satisfy Bi(*) # 0 for all ¢ € S.
Thus, the metric learning algorithm must select the entire signal set .S in its

first iteration. This completes the proof.

N.4. Tradeoffs between statistical and computational complex-
ity in interaction search. The sample size requirement, n ~ p2(6=1 log p,
for the recovery of a pure order s interaction is quite high (see Theorem 6).
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We emphasize though that this is the sample size requirement when we re-
strict ourselves to a computation budget of O(p). If we are willing to increase
our computational budget—by trying many different initial starting points
when maximizing F), (8) — A|8];—we can reduce the necessary sample size.
For example consider searching for pairwise interactions (s = 2) but suppose
we only have n ~ plogp samples. To guarantee high probability of find-
ing a pure 2-way interaction (assuming it exists), we proceed by partitioning
{1,...,p} into /p subsets of size /p: {Al}l\:[pl. For every pair of partitions, A;
and A,,, we perform metric screening using only the variables in A; and A,,.
Since there are only 2,/p variables in A; and A,,, we initialize at 3; = ﬁ.
By Theorem 6, if the pure 2-way interaction is among any of the variables
in A; U Ay, we will recover it with high probability given n ~ plogp sam-
ples. But by construction, every pair of variables (j, k) appears in one of the
Ay, Ay, pairs. The computation cost of running metric screening on each pair
Ay, Ay is O(y/p) and since there are p pairs of partitions, the overall cost is
p3/2. So by increasing our computation budget from p to p*/2, we can find a
2-way interaction with high probability using only n ~ plogp samples. This
computation is cheaper than an exhaustive search which costs p?. In general,
if we dedicate a budget of p* towards finding a pure order s interaction, the
sample size requirement is p?(~%0)+ log p.

Algorithm 1 Hierarchical Metric Screening
Require: A >0, 7 >0, X € R"*?, y € {0,1}"
Ensure: Initialize S = () and the weight w by

L #{yi=0}/n if y;=1
T\ #yi =130 i g =0

fori=1,2,...,n.

1: while S not converged do
2: Initialize 8; =7 for j € Sand 3; =0for j ¢ S
3: Run projected gradient ascent (with stepsize «, and initialization ,8(0)) to solve

Fn ; N .
pesBiX,, FnlBiw) =X+ 1Bh

Update S=S8u supp(B) where 3 is any stationary point found by the iterates®.
4: Estimate P(Y|Xg) and update the weight w by

B(Y =0z, 5) ifyi=1
o o {( Ol 5) ify

~ ) fori=1,2,...,n.
P(Y =1z, s) ifyi=0

5: end while
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N.5. Proof of Theorem 7 (Recovery of Hierarchical Interactions).
We will show with probability at least 1 — 2“”(1f1t2 + e—ne?/ 32). the algo-
rithm (Algorithm 1) successfully selects all the signal variables within the
set S(A,7) = Sy before it terminates. Together with Theorem 3, which
shows the algorithm with high probability does not over-select any noise
variable, we obtain Theorem 7 as desired.

Below we show the algorithm selects all variables within S(A, 7) with prob-
ability at least 1 — 25(]9*"/2 + ene*/ 32). Denote the optimization problem

On 2 0:A,7 :ma%(ie%lize LB 0;Qp)
subject to B4 =714.

For any A C [p], solving O, x .4, for Q = Q4 with gradient ascent will
always return a stationary point of O ) @.4,r when the stepsize a < 1/(Cp)
where C' = |f”(0)|M and M = 2M (thanks to Lemma K.1 and O.4). As a
result, the hierarchical metric learning algorithm iteratively finds a stationary
point B¢ of the optimization On,/\,Q“’S,S,T and updates S by SuU supp(SB¢).-
The algorithm terminates when supp(8¢) C S.

The key to the proof is show the following claim: denoting BS’A € RP to
be the vector whose coordinate is 7 in A, and 0 in A€ i.e.,

T A T ifieA
(Bo™)i = e
0 ifigA

then with probability at least 1—2° (p_t2 +e‘”92/32), Bg’A can’t be stationary
with respect to the optimization problem O,,  ga.4 , for any set A C S
that does not contain S(\, 7). In particular, with the same probability, any
stationary point 3 of O,, \ 94,4, will satisfy supp(3)\A # ). Together with
Theorem 3, which shows the algorithm does not over-select any noise variable
with high probability, this means the algorithm will not terminate unless S
contains S(A, 7). Below we prove this claim. Our strategy is to first show
the claim holds on population (n = c0), and then extends it to finite case
(n < o0) using standard concentration and perturbation techniques.

Population case: n = oo. Let A C S be any set that does not contain
S(A, 7). We show BS’A can’t be stationary of the problem O, ) g4 4.

2Technically, 8 is defined to be any accumulation point of the iterates since there is no
prior knowledge that the algorithm will converge to a stationary point. Technically, it is
this definition that’s used in the proof.
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Let [ be the largest integer such that S;_y C A. Let j € [p] be such
that {j} = S;\\S;—1. Note j € S(\,7) since A does not contain S(A, 7). We
compute the derivative of £(; X\, Q1) with respect to variable j at § = ﬁg’A:

0 0
(190) 55 LB A QY [ gra= 52 F(B;Q%) [5_gra —A
J

9B; B

Now we show the above partial gradient is positive. Note the following two
important observations. First, the rebalancing procedure makes X4 1 Y
after rebalancing by Proposition 3. Second, we have wy = wg;_, since P(Y |
Xa) =P(Y | Xg,_,) by definition of hierarchical interaction. Let ﬂg;’;‘ be the
vector whose coordinate is 7 in AU{j}, and 0 in (AU{;j})¢. In view of these
two observations, Lemma [.4 immediately implies

0
T@F(ﬁaQA) ’5:5(‘;#\ >

(191) _

F(ﬂ, QA) ‘g:gg;v]{“

ity [£( [ Xaom = Xaoga )]
ws

Ep’y [f(T' [ Xaugy — X1/4U{J'}H1)} )

Substitute the bound (191) into equation (190), we obtain
(192)
8 A 1 ws.
aiﬁjg(@ AQY) lppraz — Ep”y [f(T' [ X Aoy — Xﬁxu{j}Hl)] —A>0,
where the last inequality is due to the fact that j € S(A, 7). As a conse-

quence, increasing 3; at ﬁg’A would increase the objective. Hence Bg’A isn’t
a stationary point with respect to the optimization Oy, 5 g4 4 ;-

N e

Finite Sample case: n < oo. The proof is essentially the same as in the
population case n = co. The major difference is that we replace the popula-
tion gradient a%jf(ﬂ; A, Q) by the empirical gradient a%jé(ﬁ; A, Q) over all
possible reweighting distributions Q = Q4 where A is a subset of S (recall
the algorithm does not over-select any noise variable with high probability).
The technique we use is the high probability bound (cf. Corollary J.1) that
controls the difference between the population and empirical gradients.

Below we give the details of the proof. We introduce two events that are
of crucial importance.

1. Let € be the event that is stated in Theorem 3—the event on which
the algorithm does not over-select noise variables. By Theorem 3, £
happens with probability at least 1 — 2“”(p_t2 + e_”92/32).
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2. Let &' be the event for which we have the high probability bound on
9, _9,

the empirical and population gradients
log p
<C-yf 1+t
0B; 0B, n ( )

holds simultaneously for all 8 € B, all set A C S and all variables
j € [p]. By Corollary J.1 and union bound, we know for some large
constant C' > 0 that depends only on b, M, v, f(0), f'(0), f/(0), the
event £ happens with probability at least 1 — 25(10_t2 + e_”92/32).

(193) (B; X, Qi) (8; 2, Q%)

Now, let £ = ENE’. Let the constant C in the definition of S(), 7) be the
same constant C' appeared in equation (186). Assume A > C'- 4/ 10% (1+1).

We show on event &, Bg’A can’t be stationary of the problem O, ) ga 4, for
any set A C S that does not contain S(A, 7).

To see this, let A be any set that does not contain S(\, 7). Let [ be the
largest integer such that S;_; C A. Let j be such that {j} = S;\S;_1. By
equations (192) and (193), we have on event &,

9 . A
8,6]£(ﬂ’ )‘7 Qn) |ﬂ:BS,A
9 . A . i . A B 0 ] A

Y

1 ws._ 1
—E7 (- Ko — Kol = A= 0y 2 (141 >0

where the last inequality uses the definition of S(A,7) and the fact that
j € S(A\, 7). As a result, we have shown on event &, Bg’A can’t be stationary
of the problem O, ) ga 4, for any set A C S that does not contain S(A, 7).
Note the event £ happens with probability at least 1 — 2‘9+1(}9*t2 +e—ne?/ 32)
by the union bound. This concludes the proof for the finite case n < oc.

N.6. Landscape of F(83;Q) Under a Hierarchical Interaction.
Hierarchical signals can be tricky to recover®. To see why, consider the fol-
lowing situation. X7 and X9 are involved in a hierarchical interaction where
X1 £ Y and Xo 1 Y. In the first round of metric screening, suppose we
select X1 but not Xs. After rebalancing, we know X; L Y. As the following
example demonstrates, it is possible to simultaneously have Xo L Y after
rebalancing. In this case, X; and X, are involved in a pure interaction af-
ter rebalancing and we know that pure interactions cannot be detected with

3Their recovery is not guaranteed by either Theorem 5 or Corollary 11.
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n ~ log p samples. To bypass this difficulty, the modified Algorithm 1 is used
to recover hierarchical interactions.

Example: Consider the following model: assume Y is balanced

The first signal X; has its conditional distribution X;|Y given by
1 1
1 1

The second signal X has its conditional distribution X5|X7,Y given by

1 1 1
P(XQZZEQ ’X1:+2,Y:1> 25(1 ip(51,512))
P(Xp= 4t | X1 =45,V =0) = ~(17 612)
2= +5 1="T51 = =3 T 01,2
1 1 1
P <X2 = :f:§ ’ X1 = _§7Y = 1) = 5(1:!:512)
1 1 1
Pl Xo==+;|X1=—5,Y =0 = 5(1Fp(01,012))
2 2 2
where we adopt the parametrization
1 1-46
01,012) = = - 012 - .
p(d1,012) 5 02 g

The strength of the marginal signal between X; and Y is captured by d; > 0
and the strength of the interaction signal by d12 > 0. When §; = 0 and
012 = 1 this reduces to the XOR signal, a pure interaction.

The landscape of F(/3; Q(O)) under this statistical model has the following
characteristic:

o If 61 > %, F(B; Q) has a single maximum at 8 = (o0,0)*; this is
also the case if §; < % but §; > d12. The main effect will mask the
interaction and only X; will be selected in the first round of metric
screening.

4This means that (r,0) is the maximum of F(8; (@(O)) over D, for all sufficiently large
r. Here D, = {(B1,62) : 0 < B; <r}.
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o If §1 < % and 6, < 012, F(3;Q©) has a single local maximum at

B = (00,00). Both X7 and X5 would be selected in this case.

When the main effect is strong, the first round of metric screening selects
X1 but not X5. One can show that after rebalancing, X; 1L Y and Xy L
Y. Therefore, in the second round of metric screening, the signal is a pure
interaction. In particular, F(S; Q(l)) will have one stationary point at (0,0)
(and this stationary point will be with high probability a local maximum

in the empirical penalized objective ¢(3; A, Qg)) = F(p; @%1)) —AIBll;)- An
algorithmic challenge to evade this bad stationary point thus appears. &

N.7. Proof of Proposition 6.

Proof of Part 1. 'The proof builds on the fundamental result in Lemma I.1-
Lemma I.3. Below we fix Py and the sequence {Q) }pen where Q, € Q(p, M, S, Py).
In the proof, we omit the dependence of F' on f,q (so for example, we use

the notation F(83;Q,) to refer to F(B;Qy, f,1)).

e Consider first the objective value F(3;Q,). Lemma 1.3 shows

- f\S\(QMb)
(194) F(3:0) 2

where Fs(8s;Q,) = Ep_w [f(HXS _XéHl,Bs)}‘ By Lemma 1.1, Fg
satisfies the self-bounding property, i.e., for any 8, 3’ satisfies ; < I,

FS(BS; Qp)7

Fs(B5:Q,) > Fs(85:Qy) - [ (&) .

/
S ﬂ

In particular, if p > b (so that 3; < 1 for all i € [p]), then we have

(195) Fs(Bs; Qp) > <Hﬁz) Fs(15;Qp)

€S

Note then Fg(1g;Q),) = Fg(1g;P) since the marginal distribution of
(Xs,Y) ~ Py when (X,Y) ~ Q,. As a result, we obtain for p > b,

(196) F(3;Qp) > oy Fs(15;Po) - [ Bi-

7¥10)

®This means that (r,r) is the maximum of F(B; Q(0>) over D, for all sufficiently large
r. Here D, = {(B1,62) : 0 < B; <r}.




SUPPLEMENTARY MATERIAL 87

Recall B; = t/p for all i € S. Equation (196) immediately implies
F(B;Qp) > c-p 18 for all p > b,

where the constant ¢ = |fI91(2Mb)/f151(0)] - Fs(1g;Pp) - t1°1 > 0 de-
pends only on f, M, b, Py, S,t. This proves the first line of equation 9).
Consider next the gradient a%jF(ﬁ ;Qp) where j € S. Lemma 1.2 gives

o _ _ _

= F(3;Qy) = 8,1 - F(3; Q) — R(B;Qy),
0B;

where the remainder term R(j3; Qp) satisfies

(198) 0< R(B;Q,) < - (8M)ISIH1. fUSIH1)( H B,
kes

Substitute equations (196) and (198) into equation (197). This gives

(199) B FEQ) = [ A (c’—0~6j)-

1€SiF#]

(197)

where ¢/ f‘fl‘é?(M)b) F(1g;Py) > 0 and C = 7-(8M)ISI+1. ¢S+ () >

0 are constants that depend only on f, M,b, Py, S,t. Recall 3; = t/p
for all i € S. Hence, equation (199) implies that for all large enough p:

0 - _ _(I8]—
%F(/B;Qp) >c-p (IS0
where ¢ = ¢/ 4151 = 1£512Mb) F(1g;Pp) 181 > 0. Again, ¢ depends

2 fI5T(0)
only on f, M , b, Py, S,t. This proves the second line of equation (9).

Proof of Part 2. Fixl € N. W.L.O.G we assume [ > 2. We construct the
distribution Py as follows.

1.
2.

First, we set the marginal distribution of Y to be Py(Y = +1) = 5
Next, we set the conditional distribution of Xg given Y. More precisely,
welet Xg |Y =1~ Pygand Xg | Y = —1 ~ P_; where P, and P_
are any two distinct distributions supported on [—M, M]!S! that satisfy
e For any strict subset A C S, the distribution of X 4 under P, is
the same as the distribution of X4 under P_;.

e P,y and P_; have the same moments up to 2I-th order, i.e., for
any ag € NS with Y ics @i < 21, we have

I 11 X;”] :

1€S €S

Eiq =E_4
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The existence of such distributions Pyq,P_; is proven in Lemma O.5.

By construction, it is easy to see that Py exhibits a pure interaction: X4 1 Y
for all strict subset A C S under Py. Fix this Py. Pick any sequence {Q)}pen
where Q, € Q(p, M, S,Py). We show that when g = 2, the objective function
F(5;Qp) satisfies the following property:

e There exists a constant Cy > 0 depending only on f, M, b, t,[ such that
(200) F(B;Qp, f,2) < Cy -p~! for all p € N.

e There exists a constant Cy > 0 depending only on f, M, b, ¢, such that

(201) F(B;Qp. f,2) < Co-p'forall j€ S, peN.

aB;

The proof of the statements (200) and (201) are simlar. For space consider-
ations, we only detail the proof of equation (200) below.

The key idea to the proof is to perform a careful Taylor expansion. For
notational simplicity, we denote Zz(X) = || X — X' Hg 5- By definition,

(202) F(B;Qp, f.2) = Ep-w [f(Z5(X))]
Clearly we can expand Z3(X) = Z5(Xs) + Z5(Xsc) where

Z5(Xs) = || Xs — X§]|; 5, and Z5(Xse) = || Xse — X

2ﬁSC .

Recall the following version of Taylor’s intermediate theorem. For any smooth
function g € C*°[0,00), any scalars ¢ € R,z € Ry and any [ € N,

1
li. sup |9(Z)(§)"ﬂfl-
£€le,cta]

c+a: g k

k<l

By specifying g = f, ¢ = Z3(Xs) and # = Z5(Xgc), and using the fact that
sup,eg | fO(z)| = [fD(0)] (since f’ is completely monotone), we get

(203) F(25(X)) = H5(X)| < R(X).

In above, Hz(X) and Rz(X) are defined by

Z o T (Z5(Xse)) - Z5(Xg)*

k<l

R3(X) = }, AFOO)] - 1Z5(Xs)1
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Using equations (202), (203) and triangle inequality, we immediately obtain
(204) |F(B;Qp, f,2) —Ep_w [Hz(X)] | <Ep [R3(X)] +Ew [R5(X)] .

Here comes the two crucial observations.

e Under the distribution @Q,, we have that

(205) Ep_w [Hz(X)] =0.
Indeed, as (Xgs,Y) L Xge since S is the signal set, we obtain
1

(206) Epw [Hs(X)] = o - E [FO(Z5(Xs0)] - Epw [Z5(Xs)"]

Now that Z,@(XS)k is a polynomial of Xg of order at most 2k < 2I.
Moreover, by construction of Py, the conditional distribution of Xg

given Y = 1 and of Xg given Y = —1 have the same moments up to
order 2[. As a result, this shows that for all £ </,
(207) Ep_w {ZB(XS)’“} —0.

Now equations (206) and equation (207) yield the desired (205).
e Under the distribution Q,, we have the following bound on the RHS
of equation (204): for the constant C = 2 - 1FD(0)] - (2|S|Mt),

(208) Ep [R3(X)] +Ew [R3(X)] <C-p".

By construction, || X||,, < M. Thus we have almost surely

t t
0 Z5(Xs) = || Xs - X545 < 2M18] - »

Recall the definition Rz(X) = \]”(ll)& : \ZB(XS)V. This proves that we
have almost surely

| =

0 < Ry(X) < = -[fD0)]- (2[S|M1)" - p".

|

o~

This desired equation (208) now thus follows.

Recall equation (204). The previous observations leads to the bound
IF(Ban7f72)‘ S C 'pil

for the constant C' = %-|f(l) (0)]-(2|S|Mt)" that depends only f, M, b, |S|,t,1.
Hence, we have shown the desired statement at equation (200). As discussed
before, the proof of the statement at equation (201) is essentially the same,
and is thus omitted for space consideration.
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N.8. Proof of Proposition 12. We first prove Proposition 12 holds on
population (n = c0), and then prove this also holds in finite sample (n < o)
using standard concentration and perturbation techniques.

N.8.1. Population case: n = co. We prove via induction that the follow-

ing inequality holds for all m € N
0 80 > (5 - 5" <

(209) min B;" > ¢ and Izrel%}c( B; B; <0.
Clearly, this implies Proposition 12 as desired.

The base case m = 0 trivially holds since §(0) = 21,

Suppose the induction hypothesis, i.e., equation ()209) holds for m. Below
we prove that it also holds for m + 1. We proceed our proof in two steps.

e In the first step, we prove that

(210) max (87" — ™) <o,
1€S5¢

The key here is Proposition 3, which shows the gradient with respect

to noise variables is non-positive, i.e., for 8§ € B and i € S¢,

0
211 : <0.
(211) S (5AQ) <0
Hence, we derive for i € S¢,
(212) BImEI2) _ gm) . aaﬁ'z(/@; Q) < 8™,

To pass the bound from the intermediate 8(m+1/2) to the final iterate
B+ we use the projection Lemma O.2. According to Lemma 0.2,
there exists a nonnegative scalar 4™ > 0 such that for i € S¢

(m+1) (m+1/2)\ (m+1/2) _(m)
) =11 ) = . .
. s (8 P) = (8 1)
Using this identity, we obtain immediately that: for i € S€,
Bi(m+1) < <ﬂi(m+1/2)> < 51'(m)'
+

This gives equation (210) as desired. We finish the first step.
e In the second step, we prove that

(213) min 8" > ¢,
€S

Fix i € S. We need to prove ﬁi(mﬂ) > (. Below we divide our discussion

into two cases based on the size of ﬂi(m). Let A = %
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(a) First, we consider the scenario where Bi(m) > ((1+ A). The key

observation is that the gradient V/(8;A;w) is bounded in /4
norm. Indeed, using || X ||, < M and sup, |f'(z)| < |f/(0)],

IVE(B; s w) || o

(214) = BB wii = xi1- 7l x = X7 0| < M1 )

where M = 2M. After all, we immediately obtain
(215) || — g = o[V A )|, < oM f(0)].

Now we pass this bound from B("+1/2) to S(m+Y To do so, we
use the projection Lemma O.3. By Lemma O.3, we have

@) [ = g <2 g - g
With equations (215) and (216), we use triangle inequality to get
BT > ™) — ||t — g > 8™ — 20 M| f/(0)].

Note ﬂi(m) > ((1+ A) by assumption. Hence for C large enough
such that 2aM|f'(0)] < CA (recall o < W S)) we have

Bl > ¢,

This proves that equation (213) holds in the first scenario.

Next, we consider the scenario where ((1 + A) > Bl-(m) > (. The
key here is the gradient %Z(,@ ; A;w) is strictly positive which is
due to i € S. To see this, Lemma 1.2 first shows for i € 5,

0
(B3 A,Q) = F(ﬂ;@)—A
g F(8;Q) — Rioo(B; Q) —
where the remainder term R; o (5; Q) satisfies
(218) 0< Rio(8;Q) <C- ] B
keS

In above, the constant C' < [f*T1(0)]-(87M)*™!. Further, Lemma 1.1
and Lemma 1.3 show that for the constant ¢ = b= - £ Sf(f (]\04)1)) > 0,

(219) F(3;Q) > ¢- F(b15;Q) - [ ] Br-

keS
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From equations (217)—(219), we obtain for 5 € B and i € S,

0
9P

(220) S l(BAQ > (- Fbls;Q —C-8)- [[ Be—x

keS,k#i

Now we apply the bound (220) to § = 5"™). Notice the below two
observations. First, by induction hypothesis, we have

IT 8™ >¢!

kES ki

Next, because we assume 5l(m) < ((14+ A) <2-¢, we have when

SIGNAL(S) > C- }% for sufficiently large C, the following bound
¢ F(blg;Q) > 2C - ™.

Now, applying equation (220) to 8 = 5™, we obtain for i € S

0
9P

[a—

(221) (BN Q) = 5 e F(bls;Q)- ¢ = A >0

2

where the last inequality is due to our assumption that SIGNAL(S) >

2). As a consequence of equation (221), we obtain

9 ) aim). (m)
S B 2 67 2 ¢

m+1/2) to ﬁ§m+1)

6(m+1/2) — /Bl(m) + -

i

Now we pass the result from BZ-( . To do so, we use
the projection Lemma O.2. Indeed, According to Lemma O.2,

g — 1 (@(mﬂ/m) _ <5Z(m+1/2) _7<m>> '
+

where the scalar 4™ > 0 is defined by

(222) A =inf{y20: 3 (8P ), <o},
We will prove the below technical inequality (223) in Section N.8.3:
0
29 (m) < o. (m). )

As a consequence of inequality (223), we obtain

(20 A" = (B ) 2 g™ 2 ¢

)

This proves equation (213), as desired.
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N.8.2. Finite Sample case: n < co. The proof is effectively the same as
in the population case n = co. The only essential difference is that in finite
case (n < o0), we are using the empirical gradient V{(5; A\, Q,,) rather than
the population gradient VI(5; A, Q).

The way to resolve this is to give a high probability upper bound on
the difference between the empirical and population gradient. In fact, from
Corollary J.1, we know for some constant C' > 0 depending only on b, M, f,
we have for all t > 0, with probability at least 1 — p*’52 — e ne?/32

log p
2\ Q,) — A, -4/ : .
JSSLE Zlég aﬁj 0(B; X, Q) 8@ (B Q)’ - (1+1)

Now, for any ¢ > 0, define \(¢) by

logp

n
By replacing A by A(t), and V£(8; A, Q) by V£(B3;\,Q,) in the proof of the
population (n = 0o) and by copying the rest verbatim, we obtain a proof for
the finite case n < oco. The details are omitted for space considerations.

At)=A+C-

S(L+1).

N.8.3. Deferred proof of Inequality (223). Below we show the deferred
technical inequality (223). For notational simplicity, we denote

A = o - VI(B™; N, Q)
Thus g(m+1/2) = gm)
fails, i.e., (™ > A(m) > 0. By definition of 7™ (cf. equation (222)), we get

(225) (B + Al Ay =3 (s Al s
k k

+ Al™)_ Suppose on the contrary that equation (223)

Note A,(Cm) < 0 for k € S° by equation (211) and B]gm) < % for k£ € S¢ by
equation (212). Since b > >, B,gm), equation (225) gives

(226) ST+ A - Ay, > max{ZBm), bs}

kesS kesS
Now HA(m)HOO < 2aM|f'(0)] < ¢A < (/2 by equation (214). Hence, by

induction hypothesis, we have for k € 5, Blim) + A,(Cm) — Agm) > 0. Thus,
equation (226) implies

(227) 5l Z (my < 0.

kesS
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Using equation (217), equation (227) is equivalent to

(228) |S|Z< D ﬂ(m)F( );Q |S|2Rkoo Q) -Ar<o.

kesS
Below we show equation (228) can’t happen, which leads to a contradiction.
Thus, the desired technical inequality (223) holds.
To do so, we bound each term on the LHS of equation (228). First, by
equation (218), the second term satisfies

(229) Z%ﬂ( Q<C-[[ 8™
kES kesS
To bound the first term, we note first from equation (219) that
(230) F(B";Q) > - F(h15;Q) - [] 8"
keS
Next, we prove the technical inequality
1 1 1
(231) —>2.—. Y
FERRNER D
This is true because of the following points
® mingcg B,gm) > ( by induction hypothesis
. ,B(m < C( + A) by assumption
® > ies Bk > 2p - s = 4(s. This is true since equatlon (226), the fact
that A" > 0 and that Y, .¢ |AY| < CAs < & -5,

Now we are ready to use equations (229), (230) and (231) to give a lower
bound on the LHS of (228). Formally, denote the LHS term of equation (228)
by I'. The previous results imply

1 —  o(m m
(232) Fz(?c-F(bls;@)—C‘@( ))' [T &™-
kES ki
Note % cc-F(b1g;Q) — C - ﬁi(m) > % ¢+ F(blg; Q) when the constant C
is large enough (recall Bl(m) < 2- (¢ and SIGNAL(S) > C - ) Moreover,
ﬁ,(gm) > ( for all k € S. Therefore, we obtain

1
FEZ-C-F(bls;Q)~§5_1—/\>O

where the last inequality is due to SIGNAL(S) > 2\. This contradicts equa-
tion (228). The proof is now complete.
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APPENDIX O: SUPPORTING LEMMA
0O.1. Concentration Inequality for U-statistics. We state the Ho-
effding’s and Bernstein’s inequality for U-statistics [5, 1].

LEmMMA O.1. Let X1, Xo,..., X, be i.i.d random variables taking values
inR. Let h be a measurable function of m variables. The U -statistics of order
m and kernel h is defined by

(n —m)!
Un(h) = ——= 0 3 h(Xa, Xip, s X))
' (i17i2,...,im)€[77ln

where
I = {(i1, i, - im) : 1 <ij <m,ij #i if j # k}.

Assume for some M,o > 0, we have |h(X1, Xo, ..., Xmn)| < M almost surely
and E[h?(X1, X2, ..., Xm)] < 0. Then,

1. (Hoeffding’s inequality) We have for anyt > 0,

n 2
B ([Un(h) — EUn(B)] > £) < 2exp (—thQ) .

2. (Bernstein’s inequality) We have for any t > 0,

nt?
P (U () ~ B0 2 1) < 2000 (5.

0.2. Projection onto £; ball. Fix b > 0. As usual, we denote the
polytope
B:min{ﬁGRﬁleﬁgb}.

Lemma O.2 gives a characterization of the projection onto B.

LEMMA O.2. Let 8 € RP. Its projection 3 = IIp(B) satisfies

B=(B-7)+

where v > 0 is defined by

(233) y=inf{y>0:> (8 —7)s <b}.

i€[p|
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PROOF. By definition, 3 = IIz(B) is the solution of the convex optimiza-
tion problem:
o1 2
minimize - |z — BlI5
subject to z > 0, 172 < b.

The KKT condition of the optimization problem is, for some u € RP, v € R,

B—B+1—p=0.
Y1TB—b)=0,u"B=0
B>0,1"3<b.
v=0,u=>0.

(234)

Thus =8 — 1+ w>0, >0, and BT,u = 0. From this, we derive

B=(B-71)4.

To determine the value of y, we note, v > 0, 173 < b, (175 —b) = 0 where

B = (B—~1)+. Hence, v must be the smallest nonnegative number such that
17(B — 41), < b. This proves the desired Lemma O.2.
O

LEMMA O.3. Let B € B and B € RP, we have
IT15(8) = Bl < 2+ 18 = Bl

PROOF. Let 8 = IIz(3). From Lemma 0.2, we know that 3 = (8 — )+
for the v > 0 which is defined by the equation (233). This implies

(235) 18 = Blloo < |18 =Bl +7-

Below we show v < g = HB — BHOO Indeed, (B; — 7o)+ < B; by triangle
inequality. Thus we have

Z(ﬁi — %)+ < ZB@ <b.

According to the definition of v, this implies v < vg = HB — BHOO Substitut-
ing it into equation (235) yields the desired Lemma O.3. O
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0.3. Basic Properties on Projected Gradient Ascent. The fol-
lowing result is standard in nonlinear optimization |2, Prop 2.3.2].

LEMMA O.4. Consider the (non-convex) optimization problem

maximize J(53)
subject to 8 € C.

Assume the following assumptions on J and C:

e The gradient x — VJ(x) is L-Lipschitz on C, i.e.,

|VI(B) = VIB)|, <L|B—p, foranypB,B €C.
o The constraint set C is convez.

Consider the projected gradient ascent algorithm with stepsize a:
B+ — 11, (ﬁ(k) + aVJ(B(k))) ]

Let the stepsize « < 1/L. Then we have

1. The mapping k — J(B®) is increasing. In particular, we have,
J(BEY > J(BOY for all k € N.
2. Any accumulation point 5°° of {ﬁ(k)}keN is a stationary point, i.e.,
(VJ(B),B" = B>) <0 for any B’ € C.

0.4. Construction of two distinct distributions with matching
moments. Lemma O.5 constructs two distinct multivariate distributions of
supported on the same compact interval [—1,1]™ that share the same mixed
moments (up to /) and same marginal distribution for any strict subset of
variables. The proof adapts a classical argument (see e.g., [7]).

LEMMA O.5. Fiz m,l € N. Let X = (X1,...,X,,) € R™. There exist
two distinct probability distributions P, P_ supported on [—1,1]"™ such that

1. For any strict subset A C [m], the distribution of X4 under P4 is the
same as the distribution of X o under P_.
2. For any a = (au1,. .. ) € N™ with > " o <1, we have

m m
[[x0] =E- [HXO‘] :
i=1

i=1

Eq
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PRrROOF. The proof of Lemma O.5 is based on the Hahn-Banach Theorem
and the Riesz representation theorem. Below for simplicity, we only present
the proof for the case where m = 2. The argument for m > 2 is essentially
the same as the argument for m = 2 presented below.

Let m = 2. Consider the space D = C([—1, 1]?) of continuous real-valued
functions on the box [—1,1]? with uniform norm |[|-||_. Let us denote

fahaz(X) - X?lXQOQ

for any a = (a1, a2) € N2 We denote P C D to be the linear subspace
spanned by {fs}aca where

A={aeN?: i =0}U{aeN?:a; +ay <I}.

and denote F to be the linear subspace spanned by f = fi+1,41 and P. Let
T be the following linear functional defined on F: we define T'(cf + f) = ¢
for any f € P and ¢ € R. The BLT theorem in functional analysis says that
T has a continuous extension on F, which is the closure of F under the ||-||
norm. Clearly, the norm of the linear functional T on F is positive (and is
in fact equal to 1), and T vanishes on the closed subspace P, the closure of
P under |||,

Now by the Hahn-Banach theorem, T has a continuous extension to the
whole space D without changing its norm. For simplicity, we also call this
extension 7. It then follows from the Riesz representation theorem that for
some (non-degenerate) Borel signed measure 7, we have for each g € D,

1) = [ o)

Now the Hahn-Jordan decomposition shows that there exist two positive
measures 7+ and 7_ such that 7 = 74 — 7_. Define P, and P_ to be the
probability measures normalized from 7 and 7_ respectively. The fact that
T(f) =0 for any f € P immediately implies for any o € A, we have

//xl 9P, (dx) //:L’l z9?P_(dz),

and therefore for any a € A, we have
E. [X{X5?) = E_ [X{"X57].

As both P4 and P_ are defined on compact domain, the fact that X; (and
X9) has the same moments under P, and P_ imply that X; (and X2) has
the same marginal distribution under P4 and P_. In addition, it also shows
that the vector X = (X1, X3) has the same mixed moments up to [. Finally,
the fact that T' # 0 implies that P, and P_ must be distinct. O
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0.5. Covariance inequality. The covariance of two monotone func-
tions of X is always positive.

LEMMA O.6. For any function g1, ga that is monotonically increasing (or
decreasing), and any non-negative measure [i with |fi| < oo, we have

1]
2]
3l
[4]
]
(6]
(7]
18]
(9]

[10]

[11]
[12]

[13]

[14]

/ (1) ga(t)dt) > ,/i, / a1 (0)(dt) / ga(D)f(dE).
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